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Abstract
For any locally convex space E, the bounded subset D of

E is Precompact if and only if Lim(5,(D,U))=0 for any

neighborhood of zero in E. In this work we study some types
of Precompact sets { called ®-compact) whose sequences of
n-diameters converge to zero in different rates(rapidly,
radically,...), and we prove that if E,i=12,..,n, are ®-

compact sets, then [ ] Z, is ®-compact.
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i. Introduction and Preliminaries.

In [3] Farid and Ramadan studied some types of compact
sets (which called ®-compact) in normed spaces whose
sequences of n-diameters converge to zero in different rates.
Also they proved that n-diameters of finite cartesian products
of ®-compact sets is ®-compact. In this work we are
interested in studying ®-compact sets in locally convex spaces

and ®-compact operators between locally convex spaces.
By ¢y we denote the space of all sequences of real numbers

that converge to zero. By (8), we denote the space of all
rapidly decreasing sequences of real numbers given by:

(5 = {(ﬁ,n)f;] ssupn®|d,[ <o Va > 0} i

By AM@), a=(a,)r;, 0<aiZa,X.... we denote the power
series spaces  of all sequences of real numbers given by:

Ale) = {(,1,?);’;’=i : supR™|A,| <o VR > 0} .

By (R), we denote the space of all radical sequences of
real numbers given by:

(R) = {(,1 Yoa: limyl,| = 0} |

By [x] we mean the integer part of real number X such that
[xl=a ifx=a+p,0<p<1.

All spaces considered will be locally convex spaces. By
L(E,F), we denote the spaces  of all linear continuous
operators.

For unexplained termmoiogy the reader is referred to
[2,4,6,7.].
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Remarks: From [3], proposition 1, we have

(1) For (S), (4,5, €(S) ifand only if lim[4,{n" =0 for

A,

all @ >0.

(2) The space (S) is a special case of the space A(a).

() If (A,)2, €(R), then (A,n%);, €(R) forall «>0.

(4) Each radical sequence is rapidly decreasing and the
converse is not necessarily true.

o

In fact, if we take 4, = —21—,1—;? e N, then lim A,»* = lim %7; =0

for all « >0. But since i/;—l:-=%— , we have (1,)7, e (S)\(R).
Definition 1.1. [3] A sequence ideal ® on ascalar field isa
subset of the space /,, ( the space of all bounded sequences of
real numbers) satisfying the following conditions:

(i) ¢, ¢ ®, where ¢, = (0,0,....1....) the one in the ith place.

(i) If x,,x, € ®, then x, +x, €®.

(i) If yel and xe®,then xye®.

(iv) If the sequence x = (x,,%,,..) € ®, then (x[n])j‘;E =

Z

(X, Xg5 X, Xp0ee) € B

Definition 1.2. Let E be a sequence ideal. We call the
operator D:E-— E defined by D((x,,):’__uq):(x[n]);o the
2
dilatation operator and condition(iv) in definition (1.1) the
dilatation property.
Note that the sequence spaces ¢y, (S), (R)and A(a) are
examples of sequence ideals (see[4], p. 9).

Definition 1.3. Let A, D be two absolutely convex sets in
a topological vector space E such that D absorbs A, i.e. there
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exists A>0 suchthat 4 <pD forall p>24.Fora subspace F
of E we define:
8(4,D;F)=inf{r >0: A rD+ F},

the nth diameter of A with respect to D is defined as
5,(4,D) =inf{6(4, D;F) : &im(Fy < n}, n= 0,12,
and it satisfies the following properties :

(1) 8,(4,D) 2 6,(4,D) 2 ... > 5,(4,D)... 2 0.
(2) 6,(4,D)=0 ifand only if A is contained in a linear
subspace of E of dimension at most n.

(3) If Aisabounded subset of E, then A is precompact if
and

only if
Lim(5,(4,U)) =0 VU € u(E),
where u(E) is a local base of zero in E.
(4) If T: E — Fis a linear operator , then
8,(T(4),T(D)<8,(4,D).
(5)If 4, c 4 and Dc Dy, then 5,(4,D,)<6,(4,D).

(6)Let T:E—- Fand S:F — G be linear operators and let
U,

V and W be absolutely convex sets in E, F and G

respectively, such that 'V absorbs T(U) and W absorbs
S(V).Then

Snn (ST W) < S (TUYLS, (S(),17).

2. ®-Compact Sets

Definition 2.1. For a sequence ideal ®cc,, asubset D of
a locally convex space E is called ®-compact  if
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(5,(D,U)s,) e® for all Ue w(E).
For examples:

(1) Every finite set is ®-compact.
) If

D= {(xn) : i]xnp“ < 1} and B= {(xn) : i|xn|n < 1}

n=l

are subsets of i, then according to [7], 9.1.3 we have
5,(D,eB,) = 5%— and &,(B,€B, ) = 1 , where B, is the closed unit
& ne

ball in
(x[n])‘jj;l = (X, %y %5 %) €1, Hence D 18 precompact and
2

rapidly-compact, but not radically compact and B is
precompact but not rapidly-compact .

Let £, i=12 be a locally convex spaces whose

topology are induced by an increasing sequences of
seminorms (g.)=,. If we denote by U i, thesetofall xe E, for

which ¢, (x) < 1 , then the collection u(E)= {U ., iknelN } isa
" ,

Jocal base of zero in E, [6].
By (£ xE), and (ExE), We denote the cartesian

product  E xE, equipped with the following sequence of
seminorms:

1) @¢7,(0=00(%,%)) = max(g; (%,).4; (x,))-

2) 0r,(1)=07(xnr) = @)+ ) -
Let

Ul ={er‘xE2:ij(x)n % } ,
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| 1
ul, = {erl XE,: QF (x)n ~ }
Proposition 2.2. Forall i, j,n,me N we have
D5, = U, x U2,

w 1 oo
2) Ui,j,max(n,m) = U!,n x U C U

i, J,mieln,my .

i jn

3){}5U x U, <UL, c Ul x U2,

Proof.

1) Since x=(x,x,) e, if and only if qrf(xl)<l and
n

qj(x2)< ,then U° =U,,x U,

Lfn

2) From (1) it follows that U7 ey = U

2
f,max(n,m) X Uj,max(n,m) < .
1 2 1 2 —_— R
U, xU? cU, x U’ =U

i,ming n,m} Jamin{ s m} &/ min{n,my

3) Similarly like part (1) we can show that

] 1 2 I 2
-—-U ><U , cU? cU xU }
[-2 in ij.n

Remark: Proposition (2.2) gives the following results;

1) w((E xE),)= {W ,J,neN} is a local base of zeroin
(E,xE,), .

2) H{(E, % Ey) ) = {w ,j,neN} is a local base of zeroin
(EIXEZ)‘D‘

Propoesition 2.3, If B and B, are two bounded subsets
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of locally convex spaces E, and E, respectively, then
| 1) 5:1)14( Bl X BZ’ []:’,lﬂ) S max(&s (BI’UE_VJ)’ 511)( BZ SU}JJ)) .

2) (Sp ( B;XB?,a Lf}.n)g Q/—Z— max(é‘s(Bl’U:,")’ 5’"( B:’-’Uf”))

S+

Proof.
1)Let &> 0, from definition (1 4) there exist subspaces
F,cE, and F,cE, of dimention at mosts and m
respectively such that
B, c (8,(B, U+ U, + F,
B, < (5,(B,, U )+&) U}, +F,.
Consequently,
B x B, c
max(8, (B,,U')+£,8,(B,, Ul ) +&) Uy, Ul +FxF, =
max(8, (B,,U],)+¢, 8,(B, U2 +e) U, + FixFy.
Since dim(F, x F,)<s+m, then
85w By x By, Uj,)< max(d, (B,U.)» 8,( By, U N+e,
and since ¢ > 0 is arbitrary, we have
52, BxB,, U< max(8, (B,,U,)5 8,( By, UL
2) Similarly for 67,,( B, x5, ,U,) we get
57 ( BxB,, IF,) < 2 max(,(B,,U},), 6,( B,,U},))-

Corollary 2.4.
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1) 67( B,xB,, U},) < max(ﬁ[i](gl,c;;m), 5[ﬁ}( B,,U).

2 2

2)8!( B, xB,, U, )< 42 max(cs[s} (8,UL), 5[“}( B,,U)).
: s

2

With the same argument, we can generalize proposition
(2.3) to a finite cartesian Product as follows:

Proposition 2.5. For fixed i=1,....k, let B, be any

bounded subset of a locally convex space E,. Then

k
1) é‘:"(H Bi DDJ:m,(,n)S

f=1

k
min{max(énl (B1.U,, )56, (BLUE ) Do < s} .
i=}

k
2) 8 (118, .U )<
i)

k
2 min{max(é'm (B Uy )oresB, (BT ) : < s}.

i
(The minimum is taken over all choices of
AR, .40, S5).
Proof. From the proof of proposition (2.3) we get
B, (3, (B,U, )+&, ,+F VYi=12,..k, therefore

HBi c

f=]
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k
max(S, (By, Uy, ) )seres6, (BisUp h )+ Ol [Un,, + Fixx Fy =
i=l
(ax(8, (By,Up, ,)rersGp, (BesUp N+ WG o+ Fy XX B

Since dim(F, x..x F,)= Y dim(F) S n +..+n, <s, then
=l

k
57( HB.- L ) Sax(8, (BLU,, )6, (BoUp D +6)

and since ¢ > 0 is arbitrary, we have

k
s7(T1B,.U; nn) Smax(s, (B,U, ,n),...,énk(Bk,Uf,k‘n‘)).

fa=]
Since this estimation is true for any choice of

n +n,+..+m <5, then

k
5?(“ Bi ’U:;,...V%,H)g
i=1
K
min{rnax(ﬁm (B UL D, (BLUS 0D 7, S s}.
k
Similarly for 57 ( [] 8,1 ), We have
=1
k
5;)(HB: Dljfﬁ,...mk,n)g
=1

k
2 min{max(ém (B, UL )8, (B, UE D) < s}.
j=1

Theorem 2.6. The cartiseain product of two ®-compact

iets is ®-compact .
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Proof. Let B, and B, be any two ®- compact subsets of
locally convex spaces E, and E, respectively. From the
definition of ®-compact set, we have

(6,(B.U,, N7, «® and (6.(BU Noye® Vi, j,neN,

hence

(5[__‘}(3;,(1;"))::0 e® and (5[5](32,Ufm N2, €® Vi jne N. ”

2 2

But since

2 2

87( By xB,, [’E,n)g max(ci[i](B,,Uﬁm), 5[£}( B, ann))S

5

5 (BUU:’H)“F 6 S(BZSU;)—,") Vi,j,S,neN,
H H

2

then
(6°( B,xB,, U5, )e® Vi, j,neN,
and therefore B, x B, is ®-compact subset of (£, x E,)_ .

With the same argument, we can generalize theorem (2.6)
to finite cartesian product of ®-compact sets.

Theorem 2.7. The continuous linear image of any ®-
compact set is ®-compact.

Proof. LetE and F be two locally convex spaces. Suppose

T isany linear continuous operator. If B is ®-compact subset
of E , then

(6, (BU) ), €® VYU e u(E).
Since T is continuous, then for all W e u(F) there exist a
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neighborhood U e u(E) such that T{U) W . So

5 (T(B)W) <8,(T(B)TWU) £8,( BU) VneN.
It follows that (8,(T(BLW) ) e®, hence T(B) is ®-
compact subset of F.

Theorem 2.8. Let B and B, be any two subsets of locally
convex spaces E, and £, respectively. If B, x B, is ®-compact
subset of E, x E, ,then B and B,are ®-compact sets.

Proof. Since the projection p, from E, xE, into  E, is
continuous and P(B,xB,)=B,, wWe conclude that B, is ®-
compact subset of E, forall i=12.

3. ®-Compact Operators.

Definition 3.1. For a sequence ideal ® c ¢, and two locally

_convex spaces E and F,T e I(E,F) iscalled an ®- compact
operator if there exists a neighborhood ¥ of zero in E such
that (8,(T'(V),U)r, €® for all U e u(F).

Proposition 3.2. If T:E—~F is ®-compact operator , and
if A is a subspace of E, then the restricted operator T|A4: 4 - F

is an ®-compact operator.

Proof. Since T:E-»F is ®- compact operator, there
exists a neighborhood U of zero in E such that 7(U) is ®-
compact subset of F, and if U, =UT 4 cU, then
T|AU,) =TU,) =« TU). Since U,is a neighborhood of zero in
A, then T]4 is ®- compact operator.
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Proposition  3.3. Let Tel(E F).SeL(F,G) and
He (K,E). If

T is ®- compact operator, then So7 and ToH are ®-
compact operators.

Proof. Since 7' is ®- compact operator, there exists a
neighborhood V' of zero in E such that
O, T, W), €® YW'e u(F).
Hence
(5{£](T(V')=W')):lo e® VYie H(F).

2
Now for WeuG), and if we let V= g-' (W), then by
(1.3.6) we have '
S STV W) < 5H T, V).aH (SOVLW), reN.
2 2
Also for W'e u(F), and if we let 7 = 7~ V"), then
S (THU),W" < éH(H(U), V').J[i}(T(V),W'), reN.
2

2

Since (5[,}(1'{ UV " N5os (§[£}(S(V):W)):lo €/, and
2

2

(5[1}(T(V'),'W Mo € ® forall W e 4(G), w'e #(F), we conclude

2

that Sof and ToH are ®- compact operators.

Proposition 3.4. If S,8, € L(E,F) are ®- compact
operators, then §, +8, is ®- compact operator.

Proof. Since &, and S, are ®- compact operators, there
exist neighborhood’s ¥, and ¥, of zero in E such that
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(S,(7),UNmo € ® and (5[£}(S2(V2),U Vo €®

I
YU e p(F).
If W e u(F), there exists a neighborhood U of zero inF
such that U+UcW. According to the definitions of
5.(S,(¥),U) and 5,(S,(V,),U) we have for any >0 there

exist subspaces F, and F, of F with dim(F)<n and

dim(F,) <m such that
S,) < (6,65, + WU + Fis

S,(V,) € (8,(S, (V) U+ &)U + Fa.

Hence we have
S, (V) + 8, (V) < (max(8,(5, V),U),8, (S, (72, UN + XU + ) +(F+F) e

(max(8, (S, (), U),8, (S, (%), UN + W + (F + F).
Since dim(F, + F,)<n+m, then

5. (S, (V) + S, (V)W) < (max(8, (S, (), U): 6 (S, V) UN+e.

nEm

Since ¢ > 0 is arbitrary, we get

B pem (S (V) + S, V)W) s (max(d,(S,(", %.U),6,(S; ,).0)).
Now if we let V =¥, 1 ¥,, then (S, +S,)¥) < S (V) + S, (V) -

It follows that

8, Sy + SIS 8, (S +8,()W) <

max(8, (S,#),U).6,(S,(V,).U ».

Hence for all W e u(F), we have
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