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Abstract

Path integral formulation of singular systems is investigated by the
Hamilton—Jacobi method. The Christ-Lee model is-studied by this method
and the path integral quantization is obtained for this model without using
any gauge fixing condifions.
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1- Introduction

The first study of singular systems with constraints, were done by
Dirac [1,2]. He showed that the Algebra of Poisson’s brackets determines a
division of constraints into two classes: The so called first class constraints
and second class constraints. The first class constraints are those that have
zero Poisson’s brackets with all other constraints and second class
constraints that have non-vanishing Poisson’s brackets.

Recently, the Hamilton Jacobi method [3 — 6] was introduced to
investigate singular systems. In this method the equations of motion are
obtained as a total differential equations in many variables. If these
equations are integrable then one can construct a cononical phase space
coordinate without using any gauge fixing condition.

Quantization of constrained Hamiltonian systems can be achieved by
means of operator quantization method or by path integral quantization. In
this paper we consider the path integral quantization method of constrained
systems.

This paper will be organized as follows: In section (2) we shall
review the Hamilton — Jacobi method. In section (3) we treated the singular
system by using the Hamilton — Jacobi method and quantized by using path
integral quantization method.

2- The Hamilton ~Jacobi method
The canonical method gives the set of Hamilton — Jacobi partial differential
equation (HJ P D E) as

H;(tﬁ,qa,ggw,gg =0 a.f=0,n-r+1,.,n, )
aQa at(z a = l,..., n -,

where

H, =Ht3.q9,,0,)+Ps @)

and #_is defined as

}:{o :pawa +pvq.v R’:_Hv ml’(tﬂq}"qy"q.a = wa) . (3)

Hovmh=r+l..n
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The equations of motion are obtained as a total differential equations
in many variables as follows: [3,4]

OH. oH OH
dg, = 22e gt dp =-Zlaqy dgo=Zledr 4
qa ) >3 pa aqa Q,G atﬁ ()
do = —{Ha +p, %H—@—)dza : (5)
a,f=0,n-r+1,., n
a = 1., H - F

where z=S5(,.q,)
The set of equation (4,5) is integrable if [5.6]

di; =0, . (6)

dHL =0 . Hiv=hn-r4+1,..0 (7)

If conditions (6,7) are not satisfied identically, one considers them as
new constraints and again tests the consistency condition. Hence, the
canonical formulation leads to obtain the set of canonical phase space

coordinates ¢, and p,as function of f,, besides the canonical action
integral is obtained in terms of the canonical coordinates. The Hamiltonians
H are considered as infinitesimal generators of canonical transformation
given by parameters f, respectively. In this case, the path integral
representation may be written as: [6-12]

o=l

{out|s|in) - ﬁdg"dp{exp f{jf@-ﬂa + b, %‘%)draH : (8)

o
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One should notice that the path integral (8) is an integration over the
canonical phase -space coordinates g, and p,.

3- The Hamilton — Jacobi freatment of Christ — L.ee model

In this section we shall obtain the path integral quantization of Christ
— Lee model. Let us consider the Lagrangian [5] as.

L=} (¢ +3)+ 20—y +} R (< +)) -V +3) ©

The moment corresponding to the generalized coordinates may be written
as.

pxﬂgé=5c+ﬁy, (10)
ox

py=§-lf—ﬂy+ﬂx, (11)
2 ay

p,=0. (12)

From equations (2) and (3) we can solve x and § in terms of
D P, respectively

x=p, —Ay=w, , (13)
yEp, - Ax=w, . . . ¢ )
The Cénonical Hamiltonian is defined as |
H=pw+pw,—-L . (15)
Making use (13) and (14) dne gets

H,=3(p? + p})+ Alp,u - py)+ V(e + ) | (16)

Now, the canonical formulation gives us the set of Hamilton-Jacobi
partial defferential equation (HIPDE) as:
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H =p+H=0, (a7
H'=p,=0, (18)
where

H, = 1{(p2+ p2 )+ Apx— py)+ V(x4 7). (19)

Now, the equations of motion are defined as.

de= g O = (p - A Mde (20)
dp, op,
OH! OH’ :
dy= "o dr+ gy =(p, - 1 )t | 1)
5py apy ¥ v
8H! . BH' oV -
dp, =—"=*dt —=~dAd =~ Ap - \di , 22
P T m Y (py ax) | 2
dp, = - OH, df — oH’ dl=—-Jp + o dr, (23)
dy oy dy
oH! . BH'
dp,=-ear -2 da = ~(px+ py)it, 24
P ) a1 a4 (pyx p*y)d @4
oH! = BH'
dp, = ———>df + ~=—dA =0 . 25
v ot ot @)

To check whether the set of equation (20-25) is integrable or not, let us
consider the variations of (17,18). In fact

dH! =dp, +dH, = (xp, - yp,JdA . (26)

. ! . . N . .
Since dH doesn’t vanish identically then, one considers it as a new
constraint,
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Fy=xp,~yp, . @7)

Since Iy is not identically zero, we consider it as a new constraint and its
variation is identically zero.

Making use of (5) and (8) we obtain the canonical action integral as:

z=fl(p2+p2)-v(+ ) . (28)
Then, the path integral quantization is given by

{outls|in) = [T1dxdydpdp, ex ilj [1(p2 + 2y llar. o

Now to obtain the path integral quantization of the Christ — Lee
model in polar Coordinates. Let us consider the following canonical
transformations [13]

Xx=pcos¢ ,y=psing, (30)
p. =11, cosqﬁwﬂisin;é o, =11, sin¢+%cos¢s (3D
P

and taking into account the constraints (13,14), we obtain the action integral
as:

z= failft, p- 411247 {p*)s 25| (32)
The path integral representation of the model (9) is then given by
< p, Pt >= fdp dll, exp fdt[ﬂp p—1iIT +—gi~; . (33)

This result is in exact agreement with those Previously obtained by Muslih
[14] and Rabei [15].

4- Conclusion

In this work, we have investigated the path integral quantization of
constrained system using the Hamilton - Jacobi method. In this approach,
the equations of motion are obtained as total differential equations in many
variables. If the system is integrable, then we can obtain the canonical
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physical variables and the path integral as an integration over these physical
variables without using any gauge fixing conditions.

In the Christ — Lee mode (9), this system is integrable and the path
integral is obtained as an integration over the canonical phase spase
coordinates (x,p,) and (y,p,). Besides when we use suitable canonical

transformations [13] and taking into account the integrability conditions, we
obtain the canonical physical variable (p.I1,) and the canonical path

integral equation as an integration over (p,[1,) without using any gauge
fixing conditions.
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