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Abstract

In this work we study some type of Precompact sets (which called ®-
compact) whose sequences of the nth diameters converge to zero in
different rates (rapidly, radically,...) and we define the relation ce where

(E,F)ecg if and only if every continuous linear operator T from E into

F is ®-compact and we prove that every continuous linear operator from
a normed space E into a locally convex space F is ®-compact if and only

if every bounded subset of F is ®-compact.
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1. ®-Compact Sets.

Introduction. For any normed space E, the bounded subset D
of E is called precompacf if and only if

(5,,(9335))19 € Gy _(_1)
here B, is fhe closed unit ball in E. |
In [1] Astala and Ramanvjan define (s)-nuclear (resp. Ae)-
nuclear) sets in normed space by replacing ¢, in (1) by the
space (s) of rapidly decreasing sequences (resp. the power
series space A{a)).
In [2] Faried, and Ramadan define ®-compact sets in normed
space by replacing ¢, in (1) by any sequence ideal.
In {8] Zahriuita studies the relation R between locally convex
spaces, where (£,F)eR ifand only if every continuous linear
- operator I': E -3 F is compact.
In this paper we give the necessary and sufficient conditions
for (5.7 < cu. S
By ¢y we denote the space “of all séquences of real nurmbers
that converge to zero.

By (8), we denote the space of all rapidly decreasing

sequences of real numbers given by:

(&)= {(ﬁ,n);‘;, : supn®ld, | <o Ve > 0} :
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By Al@), a=(a,)m, 0<a< g 2. <ca,, for some ¢ >0,
we denote the power series space of all sequences of real

numbers given by:
Ala) = { A)2, 1 sup R4 <0 YR > 0}.

By (R), we denote the space ofall radical sequences of real

numbers given by:

® = l2r  imifA] = 0}

§ 2]
By [x] we mean the integer part of real number x such that
]z if x=a+p,0< <1
Remark: Each radical sequence is rapidly decreasing and the

converse is not necessarily true.

ke

In fact, if we take 4, = —;—j— ne N, then lim A,»n° = lim 11—"— ={ for

n H

all a>0. But since i/ig 3% , we have (17, e (S)\(R) (see
[2], proposition 1).

Definition 1.1. [2] A sequence ideal ® ona scalar field isa
subset of the space /. ( the space of all bounded sequences of
real numbers) satisfying the following conditions:

(i) e, e ®, where e, =(0,0,..,1,...) the one in the ith place.

(i) If x,,x, € ®, then x, +x, € ®.
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() If yel,and xe®, then x.ye®.
(iv) If the sequence x= (xy.%,.)e®, then

(x[ﬂ});la = (Xgy Xga Xp5 X, 50 ) € @,

2
Note that the sequence spaces ¢, (S), (R) and A(a) are
examples of sequence ideals (see[2], page 9).
Definition 1.2. Let A, D be absolutely convex sets in a
topological vector space E such that D absorbs A, 1.e. there

exists 2>0 suchthat 4c opb forall » > A.For asubspace F
| of E we define:

S(A4D;Fy=inf{r > 0: A< rD+ F}
the nth diameter of A with respect to D is defined as
6,(A. D)= inf{5(4, D;Fy : dim(F) < n}, n=0,1,2,...

it satisfies the following properties :
(1) 6,(4, D)y 2 8,(AD) 2.2 5.(4,D)... 2 0.
(2) 3, (4,D0}=0 if and only if A is contained in a linear
subspace of E of dimension at most n. -
(3) If Ais a bounded subset of F, then A is :precdﬁéééf ifand
only if | - i -
lim(8,(4,U)) = 0 YU e u(E),

where (E) is a local base of zero in E.

DI 7T:E—> Fisalinear operator , then
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8, (T (A,T(DY) £ 8,(4.D).

(5)If 4, < 4 and Dc Dy, then 6,(4,D:) s 5 {4, D).

(6)If o, B > 0, then %a‘m,a) = & (o, D).

Definition 1.3. For a sequence ideal ® < ¢,, a subset D of a

locally convex space E is called ®-compact if and only if
(5, (D.UN, e®forall Ueu(k).

Note that any bounded subset D of a normed space Eis ®-
compact if and only if (5,(D, B )., €®, where B, is the closed
unit bail in E.

For examples:

(1) If dim(E)=n, then every bounded subset of E is ®-

compact.

2y If b= {x =(x,): ilxn!-?” < 1} and B= {x =(x,): iix,,]nv < 1}
nel

n=l

are two subsets of ., then according to [5], 9.1.3 we have
} * ’
5,(D,B,)= o and 8,(B,8,) = S , where B, is the closed unit ball
14

in 1. Hence D is precompact and rapidly-compact, but not

radically compact and B is precompact but not rapidly

compact .
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Proposition 1.4. If D, D, are ®-compact subsets of locally
convex space E, then D, + D, is ®- compact .
Proof. Since D, and D, are ®- compact sets, then

G, (DUNse e® and  (5,(D,,UN7, e® VU e u(E),
hence

(5[2](D1=U)):=0 e® and (5[£}(D2=U))flo e® VU e u(E).
2

2
If W e u(E), then there existsa neighborhood U of zero in F
such that U+U cw. According to the definitions of 8.(D,U)
and &,(D,,U) we have for any & >0 that there exist subspaces
Frand F, of F with dim(7)<» and dim(F,)<m such that
D, < (5(D,U) +e)U +F,
Dy < (8,(0,,IN+ ) + ¥
Hence we have
Dy + D, < (max(8,(D,U),8,(Dy,U)) + XU + U + (F+FE)c
@ax(@,(DUNS, (DU + e 4 (R + B,
Since dim(#, + F,) <n+m, then
8, (D, +D,Wy< (max(ﬁﬂ.(DE,U),ém (D, U +s.
Since & > 0 is arbitrary, we get
Soen( Dy + Dy, W) < max(5,(D, U6, (D,,U)).

Hence for all w e 4(E), we have
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5,((D,+ D)W < max(c?{i](D,,U),c?f E,_](.Dz,U)) <

)

5, (D U)+6,,(Dy,U), 7N,
3] H

2_ 2

and therefore (5,(D, + D)W, €®, thus D, + D, is ®-compact
subset of E.

2. ®-Compact operators.

Definition 2.1. For a sequence ideal ®c ¢, and two locally
convex spaces E and #, an operator 7 from E into F is
called ®-compact operator if and only if there exists a
neighborhood ¥ of zero in E such that (6,(T(),U)), e® for
all U e u(F).

Definition 2.2.

We say that an order pair of locally convex spaces (£,F)
satisfies the condition ce (and we write (E,F)ecg) if every
continuous linear operator 7: E — F  is ®-compact.
Lemma 2.3. Let £, j=12,..n ¥ be locally convex spaces
and £ mﬁEj. Then

=i
(i) from (E,,F) eC@, j =1,2..,m, it follows that (E,F) ece,

(ii) from (F,E,) €Ce, j = L2,...,n, it follows that (F,E) e cq.

Proof.
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(i) Let T:E=]]E, - Fbe an arbitrary continuous linear

Se

operator.  Then the operator H,:E, - Fdefined by
Hi(x)=T(0,..,x,,.,0) is continuous linear opg;rator. Sinc;e
(E,,F)ecg, then.H L 18 ®*.c.ompact operator, hence there exists
a neighborhood U, of zero in E,such that H,(U,) is ®-compact
set in F. Since T7(U,x..xU,)= 7(U,x{, Poxfop bt +
T(0,, pxex {0, I U)=HU)+..+H,(U,), then by

proposition (1.4) we have T is ®- compact operator.

(i) Let T:F > E=]]E, be any arbitrary linear continuous
f=1

operator. Since the projection map & :EzHEJ. — E is
=1

continuous, then 2o is a continuous operator from F to £,
Since (F,E,) ece, it follows that PoTl is ®~cbmpact operator,
hence there exists a .né.ighbérh.c-mc.i U of “zerb “in F such that
FioT(U) =W, is ®-compact set in £,. It follows by [5], theorem
(2.6) that W, xW,x..xW, =T(U) is ®-compact set in E, hence T
is ®-compact operator.

Definition 2.4. A locally convex space E 18 said to be of type
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(se), if for every neighborhood U of zero in E there exists a
neighborhood V of zero in E which is ®-compact with respect
0 U, (ie. |
(5.(V W)~ € ® for all neighborhood of zero W c ).
Proposition 2.4, Suppose E isa locally bounded and locally

convex space. Then E is a space of Type (Se) if and only if

 (E.F)eCq for every normed space I

Proof. Sufficiency. Let (£,F) e Cg for every normed space F.
Since E is locally bounded and locally convex , then it has a

bounded convex neighborhood U of zero such that the

collection u(E)= {}_ U:neN ]7 is a local base of zero in E. For
b i

U we can define a semi-norm P, such that
P,(x)=inf{il>0:xe U}, (xekE)
We shall associate for U a semi-normed space £, which is E

with the semi-norm F,. Let
E,IN, m{;=x+NU X E E},
where N, ={xeE:P,(x)=0}, be the quotient space. If

Pu(x) = Py(x), then by [7], page 31, Py isanorm of the

quotient space E, /N, , hence E,/N, isanormed space.
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Next, the quotient map z, : E - E,, defined by

7y {x) =X+ Ny
is continuous. Since E, is a normed space, and since
(E.E,)eCp, then z,is ®-compact operator. Thus, there exists

a neighborhood V of zero in E such that 7, (V) 1s ®-compact

set M Ey, 50 (8,(m,(V),m, (UM, € ®. By [4], page 209, we have
6,7, U)= 8,(m, (V) (U)), hence (5,(V,U))., e ®.
Now for every neighborhood H of zeroin E, let W < H be

any neighborhood of zero in E, since 4(E) is a'local base of

zero in E, then there exists ne N such that lU oW, it follows
I3

that

(5,,(_V,W) < §n(Vﬁ—i~U) =nd, (V,U),
bence (5,(7,W ). €®, so 'V is ®-compact with respect to H,
thus E is a space of type (S@).
Necessity. Let E be a space of type (Sg), F be an arbitrary
normed space and TE> F be an arbifréry lineér continuous’

operator. Since F is a normed space, the topology on F defined

by the norm [|. Let B, ={xe F:|x|<1} be the unit ball in F,

which is a neighborhood of zero inF. Since T is continuous,
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there exists a neighborhood U of zero in E such that
T(U)< B,. By assumption, E is a space of type (Sg), so there
exists a neighborhood

V=V(U) of zero inE, which is ®-compact with respect to U
1.€. S,V WHe,e® for &l WcU. But  since
5.(TV,TW)< 8,(V,W), we have (5,(IV,IW)),, € ®. Since also
TWYc T({U) < B, then 6,(ITV,B,;)< 8,(ITV,TW). Thus, T is ®-
compact operator. So it is proved that (E,F) Ce for every
normed space F.

3. ®-Montel Spaces

A locally convex space E is called barrelled if every absolutely

convex absorbent closed set in E is a neighborhood.

Definition 3.1 A locally convex space E is called ®-Montel, if
it is barrelled and every bounded subset D of E is ®-compact.

Note that every finite dimensional normed space is ®-Montel.

Proposition 3.2 A necessary and sufficient condition fora
locally convex space F to be ®- Montel is (£,F) €Cg for every
normed space E.

Proof. Sufficiency. Let F be an ®-Montel space, E be a

normed space, and T:E-> Fbe acontinuous linear operator.
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Since E is a normed space, then the topology on E defined by
the norm |J|. If B, ={re E:|lf| <1} is the closed unit ball in F,

then T maps the unit ball B, in E into a bounded set 7(8,) in
F. Since E is ®-Montel space, 7(B,) is ®-compact set in F
(because in ®-Montel spaces bounded sets and ®-compact sets

coincide). Hence, T is ®-compact operator, which shows that
(£,F)eCq,
Necessity, suppose (E,F)eCg for every normed space £. We

shall show that every bounded set A in F is ®-compact. Since

F is alocally convex space, it has a local base 8 of zero such
that each Ue g is absolutely convex and absorbent. Let
f={U,:2el}, where L is an index set. Then to each
absolutely convex absorbent set U,, we can‘ define a
corresbonding semi-norm ||.[; such that
b, =infle:a >0,y cat,},

which is the Minkowski functional for U,. Since U , is a
neighbothood of zero, then |, is continuous. Thus, the set
0= {I[ﬂ e e'L} of continuous semi-norms defines the topology

vof F.Let K=1{¥,, 1¢>0,4 e L} where

Vie=lve Py, <e} e>04el),
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so a local base u of zero for this topology t is formed by the

sets,

V= f Vie Voo € K).
=l
Now, by the definition of abounded set, since A 1s bounded

set inF,then ¥V ey 3s=s, >0,suchthat 4c sV, It follows
that V2 e L 3s(4) > 0 such that
A s(AW, = s()o){y eF:y, < 1}.

If ye A then y = s(2)w, for some weV, ;. Hence,
Wl = s, £s(4), 80 N_X-ﬂié 1. Put A z—lm‘/*'(},then
VAie L 3m(A) >0 such that

p(y) = sup{m(ﬂ,)ﬂyilz e L}ﬁ 1 (ye 4)
which is a semi-norm on A. If p(3) = 0, then m(2)|y], = 0 for all
Ael, hence |y, =0 for all AeL. Since Q isa separating
family of semi-norms, then y = 0, hence P is anorm. Let
E={yeF:p(y)<w}, then EcF is a normed space. Let
B, ={ye F:p(y)<1}be the unit ball of E, then A  B,. Let the

operator T equal to the identity imbedding of E into F. Since

for all 1 e L there exists ¢(1) = A such that
m(A)

I, =1, = cOpi,
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then T is continuous. Thus, since (E,F)ecq, then T is ®-
compact operator. Therefore B, = 7(8,) is ®-compact set in F.
But since 4« B, then A is ®-compact set in F, hence F is ®-
Montel space.

Proposition 3.3 If E is a barrelled locally convex space of type
(Se), then E is ®-Montel space .

Proof. Let A be a bounded set in E, then for each

neighborhood U of zero in E there exists t, > 0 such that
AgrUfor every r21,.Since E is a space of type (Sg), there

exists a neighborhood V of zero in E such that for all
neighborhood W — U, we have
0,0V, 7)), €®, so there exists 7,> 0 such that 4 sV for

every s =t,. It follows that

mé‘(ﬁ' Uy~ 5(,4 W)<5(~A Wy S,V W),
hence (5,(4, U)) . e® for all Ue ,u(E) 50 A is ®- compact
thus E is ®-Montel space.
Example (Finite Convex Topology). Any vector space E can
be made into a convex space by taking as a base of
neighborhoods of the zero the set of all absolutely convex

absorbent subsets.
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This is the finest convex topology on E. By [6], page 75, every
bounded sets in E is finite dimensional, so every bounded sets

in E is ®-compact. Hence E is ®-Montel space.
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