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Abstract

The paper investigates the peristaltic flow of an incompressible Newtonian
fluid through a porous medium in axisymetric cylindrical tube. A perturbation
series (to first order) in dimensionless wave number of an infinite harmonic
travelling wave is used to obtain an explicit form for the velocity and the pressure
gradient. Also, we discuss the effect of permeability parameter on both pressure
rise and friction force. The numerical results show that the pressure rise increases
as the permeability decreases.
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1. Introduction

Peristaltic transport has been the subject of many recent studies
because of its importance in many engineering and medical applications.
After the study of Latham [4], several investigations have been made to
understand peristaltic action in both mechanical and physiological
situations. A review of much of the early literature is presented in an article
by Jaffrin and Shapiro [3]. A summary of most of the experimental and
theoretical investigations reported, with details of the geometry, fluid,
Reynolds number, wavelength parameter and wave amplitude parameter has
been given in a paper by Srivastava and Srivastava [8].

Because of its importance to geophysicists, physicists, engineers and
mathematicians, the fluid motion through a porous medium have been
studied by a number of authors, such as Varshney [10], Raptis et al. [5,7),
Raptis and Peridikis [6], and El-Dabe and El-Mohandis [2].

Recently, Sobh [9] investigate peristaltic flow of a Newtonian fluid
through a planar channel filled with a homogenous porous medium. Using a
perturbation expansion on the wave number as a parameter, he obtained
analytical form for the velocity field and the pressure gradient.

Since glandular ducts and other tracts of the body in which
peristalsis occur are approximately cylindrical in shape, the axisymmetric
case is of particular interest to physiologists. Accordingly, we purpose to
investigate the peristaltic flow through a porous medium in cylindrical tube.
Using a perturbation expansion with the wave number as a parameter, the
velocity field and pressure gradient are obtained in explicit form. Moreover,
the pressure rise per unit wavelength and the friction force are computed
numerically and graphed versus flow rate for various values of physical
parameters.

2. Formulation and Analysis

We shall consider the flow of an incompressible Newtonian viscous
fluid through a homogenous porous medium in an axisymmetric flexible
cylindrical tube with travelling sinusoidal waves of moderate amplitude
imposed on its wall, The geometry of the wall surface is
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where d is the radius of the tube, & is the wave amplitude, A is the
wavelength and ¢ is the time.

We choose the cylindrical coordinate system (R,Z), where the Z -
axis lies along the centerline of the tube, and R is the distance measured
radially. Let U, be the velocity components in the radial and the axial
directions respectively. In the laboratory frame (R,Z), the flow in the tube
is unsteady but if we choose moving coordinates (#,Z) which travel in the

Z -direction with the same speed as the wave (wave frame), then the flow
can be treated as steady. The coordinate frames are related throngh

7=Z—cf, F=R, (2.2)

w=W-~c, u=U, (2.3)

where #,w are respectively the radial and the axial velocity components in
the moving frame.

The non-dimensional forms of equation of continuity, equations of
motion and the boundary conditions, respectively, are [1}
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dh
w=-1, u:—:;; for r==h, (2.7b)

where the non-dimensional parameters
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have been used.
Note that pis the pressure, u is the viscosity, p is the density,  is the
permeability parameter and

&is the wave number,

Re is the Reynolds number,

@ == P < 1, 15 the amplitude ratio.

3. Rate of Volume Flow

The instantaneous volume flow rate in the fixed frame is given by
0" =27z [ WRaR, G.1)

where % is a function of Zand 7 .

The rate of volume flow in the moving frame (wave frame) is given by
§*=2ﬁ£’"v"v";7dr7, (3.2)

where £ is a function of Z .

Using equation (3.2), one finds that the two rates of volume flow are related
by

O =g +mh®. (3.3)

. . . A e
The time-mean flow over a period T = — at a fixed position Z is defined
¢

as

I
O =~Z;fg d, (3.4)
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which can be written, using (2.1) and (3.3), as

2
0 =7 +7:cd2(1+%). 3.5)

Defining the dimensionless time-mean flows & and fin the fixed and wave
frame respectively as

L wm - (3.6)
then making use of (3.6), equation (3.5) can be rewritten as
e9=f+1+%2—, 3.7
where
r=2"rwar. (3.8)

4. Perturbation Solution

Assuming the wave number & to be small, we obtain the solution for
the problem as a power series in terms of & by expanding the following

quantities as
u =1, + S, +0(5%)
w = w, +dw, + O(5%)

QP_ = %4_5.@1_4_0(52)
& Oz Oz

f=f+6f+0(5%). (4.1)

Now using the perturbation expansions (4.1) in equations (2.14), (2.16),
(2.22), (2.17-21) and (3.8) and collecting terms of like powers of J, we
obtain two sets of coupled linear differential equations with their
corresponding boundary conditions in ug, wo and u;, wy for the first two
powers of &as follows
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System of Order Zers
17 aw,
B (ruy) + = 0, (4.2)
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The corresponding boundary conditions are
ow
mg: = (0, Uy = 0 for »=0, (4.52)
dh
w, = ~1, Uy == for r=h. (4.5b)

The solution of equations (4.2-4), subject to the boundary conditions (4.5)
is

*

Wy = ¢, +c, 10(—\;?), (4.62)
and

Uy = —mr kI (—J”:) (4.6b)
where

€y = by fy+bi, e, =ay fo+a,a = [ZJ_hI(J—)~ (Tﬂl
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Io and I; are modified Bessel polynomials of order zero and one
respectively.

Solving (4.7) for c; we obtain

saullonly] e

System of Order One
1o, . ow_
o (ru,) -+ 5y = 0, (4.9)
Py, (4.10)
or
Re| u, Oy, T |- 0P (1O, awl) @.11)

or oz dz \ror

with the boundary conditions
o _ =0 & =0 4.12
5 =0 Y = or r= (4.12a)
w, =0, u=0  for r=h. (4.12b)

On substituting the zeroth-order solution (4.6) into equation (4.11) and
using (4.10), one finds

%+%%m% = cj}z_‘ +ReHc, (\;EJA-CGHC:IG[:}‘?}M&}“
el 4 )

The second term of equation (3.13) may be expanded as a power series in »
. Accordingly, it can be rewritten as

(4.13)
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Equation (4.14) has the solution

oA (o e
(4.15)

The instantaneous volume flow rate f, in the moving coordinates is given by

oo P LAV RN o Vs
=2 frmar AR [adkns )1 ) SR
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which implies that
h h
aoly| —= ome2 Za{,l s
dP (\/_J 7. h \/~ 241
~EL T h 4.16
dz h- ; (n+1) Z (4.16)
On substituting (4.16) into (4.15), we obtain the alternative form of w; as
=, +b, [ +{a, f, +c3)1( J +ZT o (4.17)
where
h ) T h2n+2
v =ay I)| == | 2— -2k T
nTe ( ,JZ CE ( )Z
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Z

Now, the axial velocity component w and the pressure gradient

can be expressed, to frist order where fy =f-6 1 , as
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(¥ r = I
W=y +e OL-\/—EJ-Fé'(CZ%-CS [TJ ZTr } (4.19)

]

EQ... i N T’;k%'ﬁ 2aO 2n+l
—5[}(1{@); oD T ( JZTh ] (4.20)

The pressure rise per wavelength 4p, and friction force F, are given by

Ap, = E‘;*: dz, 4.21)
and  F, = j:hz(m gﬁ)dz. (4.22)
¥4

Using (4.20) into (4.21) and (4.22) then evaluating the integrals numerically
we obtain both pressure rise and friction force. The results are discussed
through Figs.1-4.

5. Resulis and Conclusion

It is clear that our results calculate the velocity and the pressure
gradient without restrictions on the amplitude ratio and the Reynolds
number. The only restriction we used that the wave number is less than one.

To discuss the results obtained quantitatively, we evaluate the
integrals (4.21) and (4.22) numerically using the MATHEMATICA
package.

In Fig(1), the dimensionless pressure rise (Ap,)is graphed versus

the dimensionless flow rate (6) for different values of permeability
parameter (4=0.05, 0.1, 1) at wave number 5~0.02 and Reynolds number
Re=1, for the case ¢ =0.2. As shown, the pressure rise increases as the

permeability decreases. This is because of the resistance caused by the
porous medium.
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Fig(2) shows the relation between pressure rise (Ap,)and flow rate
(6) at Re=1, 5~0.02 and ¢ = 0.8 with the same different valyes of £ H ig
clear that the pumping rate in this case (¢ = 0.8 ) is greater than the last one
(¢ =0.2). Again, we note that the pressure rise increases as the

permeability decreases.

The relation between friction force and flow rate given by equation
(4.23) is plotted in Fig.(3) and Fig.(4) at Re=10, &0.02, (,=0.05, 0.1, 0.5,
1), for ¢=02and @ =0.8 respectively. We notice from these Figs. that

the friction force increases as the flow rate increases. Also, it is noted that
the friction force increases as the permeability decreases.

The dimensionless friction force is plotted versus flow rate in Fig.(3)
and Fig.(4) in the two cases (¢ = 0.2 and ¢ =0.8) at Re=1, §0.02 and for

various values of k. The graphics reveal that the friction force has the
opposite behavior compared to the pressure rise.
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Fig.(1) The pressure rise versus flow rate at Re=1, §=0.02 and p=0.2
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Fig.(2) The pressure rise versus flow rate at Re=1, 5=0.02 and ¢=0.3
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Fig.(4) The friction force versus flow rate at Re=1, $=0.02 and 0=0.8





