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ABSTRACT

It is well known that a 7\) — Alexandroff space 7 introduces a partial order
<. on X . This order together with the graph of the poset (X ,< ) is used
in [1], [2], [3] and [4] to give a new formulation for some topological
properties on X . This proves to be an easier approach.

In this paper, we construct a T, —Alexandroff space [X ] from an
Alexandroff space X . We use the new class with the help of the results of
[1], [2], and [3] to derive some properties of X such as:

1. The Alexandroff space X is first countable.
2. X issecond countable if and only if [X ] is countable.
3. X is hyperconnected if and only if [X ] is hyperconnected.

4. X is regular if and only if [X] is regular.
5. An Alexandroff space which is not 7}, can not be submaximal.
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Shadow Spaces of Alexandroff Spaces

1.INTRODUCTION:

An Alexandroff space 9 (or minimal neighborhood space ) X is a space in

which arbitrary intersection of open sets is open. This is equivalent to
saying that every point of X has a minimal neighborhood.

For each T,—Alexandroff space (X ,7), there corresponds a poset
(X,<.), in 1-1 and onto way, where each one of them is completely

determined by the other. Given a Ty-Alexandroff space (X, t), the
partial order <_(called Alexandroff specialization order) is defined
by :

a< b iff ae{b}.

We denote a T,—Alexandroff space with its specialization order to be the
pair (X, 7(£) ) where the corresponding poset is (X ,<).

T,—Alexandroff spaces have been the subject of many research papers
recently, see 5. They are used for a topology on the computer screen and for
the digital topology.

The importance of studies in [1-4] comes from not only the results we got
but from the technique we used. Our method of studies and proofs depends
basically on the corresponding poset rather than the topology itself, which
proves to be an easier approach. This technique requires the Alexandroff
space X to be 7y . The results of [1], [2], [3], and [4] do not include the
Alexandroff space X which is not Ty, since in this case, the Alexandroff
specialization order induced by X is not partially ordered.

In this paper, we will remedy this problem partially by constructing a 7)-
Alexandroff space [X] from a given Alexandroff space X . We use the
results of [1-4] for [X]. We will study the common properties between [X]
and X.

Throughout this paper, the symbol (X ,7(<)) denotes a T,— Alexandroff
space where < is its (Alexandroff) specialization order. For each element
xeX, TxorV(x) denotes the minimal neighborhood of x
(Tx ={y :x <yp}). For a subset 4 of X the interior (resp. the closure, the

derive, the boundary) will be denoted by 4° (resp. , A ,A ' ,bd (4)).

2.Definitions And Preliminaries:
Recall that an Alexandroff space X is 7 if and only if X is discrete if and
only if the specialization order < which is induced by X is anti-chain.

437



H. Mahdi, J. Al-Agsa Unv., 10 (S.E) 2006

2.1 Definition. The space (X ,7) is called a regular space if for each closed
subset /' C X and each x ¢ F', there exist disjoint open sets U and V
such that x €U and F CU .

2.2 Definitions. The space (X ,7) is called.

1. hyperconnected if each open set is dense.
2. submaximal, 10 if each dense subset is open.

2.3Theorem. [1] Let (X ,7(<)) be a T,-Alexandroff space, x € X and
A CX ,then

L.x=lx (x={:y <x}).

2.4=|4 =U{lx:xed}={x:x <y forsome y €4 }.

2.4Theorem. [1] Let (X ,7(<)) be a T,-Alexandroff space. The following
are equivalent:

1. X is submaximal.

2. Each element of X is either maximal or minimal.
2.5Theorem. [1] Let (X ,7(<)) be a T,-Alexandroff space. If X contains a

maximum element T, then X is hyperconnected.
2.6 Theorem. A T,-Alexandroff space (X ,7(<)) is regular if and only if

X is discrete.
Proof. (=) Suppose that x <y inX , then |y 1is closed set and

x ¢y . If Uis open set contains |y then Ty CU. Hence x €U .

Therefore X is not regular.
(<) This direction is true in any topological space.
3. Shadow of Alexandroff Spaces:
Suppose that (X, 7 ) is an Alexandroff space (need not be 7, ), we will
construct a 7,—Alexandroff space from X, 4. Define a relation on X as

follows, for each a, b € X, a ~ b if and only if aq, b can’t be separated, i.e.,
there is no open neighborhood U which contains one and not the other. This
relation is an equivalence relation, since a~ a and if a~ b then b~ a. For
transitive property, suppose that a~ b and b ~ ¢ and suppose that U is a
neighborhood of a so that b € U and hence ¢ € U, so a ~ c. Denote the
minimal neighborhood of an element a € X by V(a). Ifa ~ bthenb € V
(a) and a € V (b) and hence we get V(a)SV (b) and V (b) & V (a)
therefore a ~ b if and only if V(a) = V(D).
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3.1 Definition. 4 Let [X]:= {[a] : a € X } be the set of all equivalence classes of
an Alexandroff space X with respect to the equivalence relation ~. . Define the

notation < on [X] by
[a] <[b]ifand only if b € V (a) (equivalently, V (b) & V (a)).
It is not difficult to prove that this definition is well-defined.
3.2 Proposition. [a] <[b]ifand only if a €b

Proof. (=) If a €5, thena Gm( ,V(a) & @c , 80 b ¢ V (a) therefore
V (b) V(a)and hence [a] A [b].
(1) (<) If [a] A [b] so V (b) V (a) which implies that b €V(a) or b

€V (a) and we get that bCV (@), therefore a & b.

3.3Lemma. The set [X] together with the notation < in the Definition 3.1
form a partially order set.

Proof. Forx,y,ze X

(i) V' (x) < V (x) so [x] < [x].

(iii) If [x] <[y] and [y] < [x] then V' (x) € V (y)and V (y) & V (x) so V (x) =
V' (v) and so that x ~ y therefore [x] = [y].

(iv) If [x] <[y] and [y] <[z] then V' (y) & V (x) and V (z) & V (y) therefore

V' (z) €V (x) and hence [x] < [z].

If4 € X, we will set [4] := {[a] : acA4}. Now ([X ], <) is a poset and so a
T,—Alexandroff topology 7 (<) with respect to the order < is induced on [X].
y convention, if G C[X], we will write G =[4A] where

A={ce€X :[c]eG} as main representation of G . Note that this
representation is not unique. To see this, suppose that G =[4] and a,b € 4
are two different points such that ¥ (a)=V (b), then G =[4] where
A =A-{b}.

If [4,]=[A4,], are two different representations of a subset of [X ], and if
acA and a¢A,, then there exists b €A, such that [a]=[b] (or
Va)=V(b)).

3.4 Definition. Let (X,7) be an Alexandroff space and let ([X ], <) be its
corresponding poset. The T,—Alexandroff space ([X ], 7(5)) is called
shadow space ( or T,-quotient ) of X.

3.5Theorem. Let (X, 7) be an Alexandroff space and let ([X |, 7 (<)) be its

corresponding shadow space. The function f: (X, 7)— ([X ], 7(5)) which
takes x—[x] is a continuous open map.
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Proof- 1t[al={[c]:[a] <[c]l} ={[c]l:c € V(a)},so[c] €fla] & ceV
(a). Therefore

Ff'Ala)=f{ceX :[clel[all}={c€X :c€V (@)} =V (a)ET
Moreover f(V (a)) = {[c] : ¢ € V (a)} =1[a] € 7 (). This proves that f'is

open and continuous.

The following theorem is important for our main results, so we give the
proof of this theorem.

3.6 Theorem.4 Let (X, 7) be an Alexandroff space and ([X ], <) be its

corresponding poset with 7,—Alexandroff topology 7 (<). There is a 1-1
correspondence between 7 and 7 (<).

Proof. Define F : 7 — 7 (<) as follows, if U € 7 and U = | V (a,), then

FU)=Tla,]
F is well-defined: Suppose that u = U Via,)= U V(b;). We want to
«a B

prove that UT[%] :UT[ba]- It suffices to prove that UT[%] C
«a 8 «a
UT [b,]. Let[c] € UT [a,], so there exists a, such that [c] €1 [aq, ] =
I}

«

[a, 1= I[c], thus we have the following
ceV(E<SV(a)<sJV@)=JVe®,)
Hence, there exists S, such that ¢ € V(;) 5 )80 b, ]dS [c] and we get
el 116, 1< Unib,]
Therefore | J1[a,]=|J1[b,] and Fis weil-deﬁned.
el B
F is onto: Let O € | 7(<),s0 O = UT[a&] and we get U Va)ert,

morcover

A 7 @) =Utla,l=0.

Fis 1 — 1: Suppose that F(U;) = F (U,) for some U;, U, € 7. It suffices
to prove that if x € U; then x € U, Suppose that x € U; and U,

=U V(a,). Uyisopenso V(x) & U; and hence
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x]=F (Nx)) S F(U)=F (U =J11a,]

which implies that [x] € UT [a,], so there exists o, such that [x] €1[a, ]

«

which is equivalent to that [a, ] < [x], therefore V(x) < V(a, ) & U: and

hence x € U..

4. Main Results:

In this part, we use Theorem 3.6 to derive some topological properties of

Alexandroff spaces by the help of the results of 7,—Alexandroff spaces in
[1-3]. In the following theorems, we will study some of related properties
between Alexandroff and 7,-Alexandroff spaces.

4.1 Theorem. For the Alexandroff space X, we have

1. X is first countable.

2. X is second countable if and only if [X ] is countable.

3.ifx € X then x ={c:V (x)CV (c)}.

4.ifA S X then 4 = {c:V(x)CV (c)forsomex €A4}.

Proof. Parts (1) and (2) come directly from Theorem 3.6

(3) From Definition 3.1 and Proposition 3.2, V (x)CV (c) if and only if
[c]<[x] ifand onlyif ¢ €x .

(4)Comes from the fact that in Alexandroff space A= U X .

x €A

4.2 Corollary. Let X be an Alexandroff space. Then

l.a€x ifandonlyif [a]€[x].

2.forany A CX , a €4 ifand only if [a] Em.

3. forany A C X , A4 is dense in X if and only if [4] is dense in [X].
Proof. (1) Direct result of Theorem 4.1 part 3.

2Q)(=)Ifac A , then by Theorem 4.1 part 4, there exists x € 4 such that

V (x)CV (a). This implies that [a] <[x ]. Hence [a]€[4].

(«<=)The difficulty of this direction comes from the fact that [4] has
different representations in [X ]. Let [c] € m By Theorem 2.3 part 2, there
exists [a] €[4 ] such that [c]<[a]. Note that if [x ]€[4] ( x need not be in
A ) then there exists y € 4 such that [x |=[y]. So we can choose a'€ 4
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such that [a']=[a]. Hence, [c] <[a'] and so by Proposition 3.2, ¢ € a'CA.

(3) easy.
4.3 Theorem. If X is an Alexandroff space, then

1. Xis hyperconnected if and only if [X'] is hyperconnected,
2. Xisregular if and only if [X ] is regular, in this case, [X ] is discrete.

Proof. (1) It is true, using Corollary 4.2 part 3, that each open set 4 in X is
dense if and only if the corresponding open set [4] in [X] is dense.

(2) (=) Suppose by contrary that [a]<[b] in [X ]. Then [b]¢|[a] :m.
By Corollary4.2 part 1, b ¢ a . So there exist two disjoint open sets U ,U,
in X such that beU, and c_ngz. Since [a]<[b], we get
V(b)ZV (a)CU,.But V (b)CU, and this contradicts that U, and U, are
disjoint.

(<) If [X ] 1s regular then by Theorem 2.6 [X ] is discrete and hence the
specialization order is anti-chain. So for each x € X , V (x) is clopen.

Hence X is regular.

4.4 Corollary. Let X be an Alexandroff space. If there exists ¢ € X such
that ¢ €V (x) for each x € X then X is hyperconnected.

Proof. V(c)CTV (x) Vx €X, so [x]<[c] in [X]. Hence [c] is a

maximum element in [X]. By Theorem 2.5 [X] is hyperconnected and

by Theorem 4.3 part 1 X is hyperconnected.

4.5 Remark. Although, one is might think that "if X is submaximal then
[X ] 1s submaximal", since if [4A] is dense in its corresponding shadow

space [X ], then A is dense and hence open in X. Therefore [4] is open.

This seems ok. In fact, this sentence is useless as the following proposition
illustrates.
4.6 Proposition. An Alexandroff space which is not 7, can not be

submaximal.
Proof- Let X be an Alexandroff space such that a==bh in X and
V(a)=V (). Then X —{b} is dense in X . Since b €V (a), we get that

V(a) X —{b}. This implies that X —{b} is not open. Hence X is not

submaximal.
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The following two examples give Alexandroff spaces, one is finite and the
other one is infinite, where their corresponding shadow spaces are finite
submaximal.

4.7 Example. Let X = {qa, b, ¢, d} be a set with Alexandroff topology 7=
{p,X, {a}, {b}, {a, b}}. Xisnot T, and [a] = {a}, [b] = {b}, and [c] = {c,
d}. Moreover V(a) = {a}, V(b) = {b}, V (c) = X, and V(d) = X, so the order

on [X ] = {[a], [b], [c]} is [c] < [a], [c]<[D], [c] = [d], and [a], [b] are
incomparable. The graph of the poset [X ] is shown in the following figure

[a] 5]

le]=[d]

We can use this figure to see that a-= {a, ¢, d}. Clearly [X ] is submaximal.

4.8Example. Let X =N be the set of natural numbers with Alexandroff
topology of minimal neighborhood base = = { N ,0}, where O is the set of
odd natural numbers. So7 = {¢,X ,0}. X is not T,. For any odd number a,
V(a)=0, and for any even number b, V (b)=N. So [X |={[a],[b]},
where a is any odd number and ,b is any even number in N. Moreover
V(a)CTV (b), we get [b]<[a]. The figure of the T\, — Alexandroff space

(X ],7(2)) is
[a]

b1

Note that there is a 1-1 correspondence between 7 and 7(<), where 7(<)
is the Sierpinski topology on [X ], so it is submaximal. Since {2,3,4,5,...}
is dense in X which is not open, X is not submaximal.

443



H. Mahdi, J. Al-Agsa Unv., 10 (S.E) 2006

REFERENCES:

1. H.B. Mahdi and M.S. Elatrash, On Ty-Alexandroff spaces, Journal of The
Islamic University, Vol. 13, No 2 (2005),19-46.

2.M.S. Elatrash and H.B. Mahdi, 7, On Artinian T,-Alexandroff spaces,

Journal of the Islamic University, Vol. 13, No 2 (2005), 136-178.

3.H.B. Mahdi and M.S. Elatrash, Characterization of Lower Separation
Axioms in Ty .Alexandroff Spaces, Proceedings of the First Conference on
Mathematical Sciences (April 2006), Zarqa Private Uni., Jordan,77-89.
4.H.B. Mahdi, Separation properties for topological spaces, Ph.D. thesis,
Ain Shams Univ. and El-Agsa Univ., (2004).

5.El-Atik A.E., Abd El-Monsef M.E. and Lashin E.I., On finite T, -
topological spaces, Proceedings of the ninth Prague Topological
Symposium, (Prague 2001), 75-90, Topological Atlas, Toronto, 2002.

6. Arenas F.G., Alexandroff spaces, Acta Math. Univ. Comenianae, 68 (1)
(1999), 17-25.

7. Arenas F.G., Dontchev J. and Ganster M., On A—sets and the dual of
generalized continuity, Questions and Answers in General Topology, 15 (1)
(1997), 3—13.

8. Arenas F.G., Dontchev J. and Ganster M., On some weaker forms of
Alexandroff spaces, Arab. J. Sci. Eng. Sect. A Sci., 23 (1) (1998), 79-89.

9. Alexandroff P., Diskrete Raume, Mat. Sb. (N.S.) 2 (1937), 501-518.
10.L.L. Reilly and M.K. Vamanamurthy, On some questions concerning
preopen, sets, preprint.

444



