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On non_archimedean  −Λ )(α  Gelfand-Philips Spaces 
Dr. Zeyad R. Safi  * 

  

  الملخص
limited −Λفي الفراغات المحددة المحلية الغير اقليديـة ، المجموعـات والمـؤثرات              )(α  

GP−Λقدمت ودرست ، برهنا أن حاصل ضرب أي عدد منتهي من الفراغـات               )(α     تكـون  

GP−Λ )(α           وبرهنا أيضاًَ تحت بعض الشروط أنه إذا كان  nn TTT  أي عدد منتهي من     1,,....,

limited −Λالمؤثرات   )(α من iE  إلىiF تحت بعض الشروط فإن ∏
=

n

i
iT

1

   تكون  مؤثر 

limited −Λ )(α.   

ABSTRACT 
 
For a non_archimedean locally convex spaces, the −Λ )(α limited  sets and 

operators are introduced and studied. We show that the finite product of  
−Λ )(α GP spaces  is −Λ )(α GP space. We also show, under some 

conditions, that  if  nn TTT ,....,,1  are  any finite numbers of  −Λ )(α limited  

operators from iE  into iF , then the operator  ∏
=

n

i
iT

1

  is  −Λ )(α limited  

operator. 
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INTRODUCTION: 

In many branches of mathematics and its applications the valued fields of 
the real numbers R and the complex numbers C play a fundamental role. For 
quite some time one has been discussing the consequences of replacing in 
those theories R  or C  by the more general object of a          non-
archimedean valued field ),(K .  

 In this paper we introduce  −Λ )(α compactoid sets and operators in non- 
archimedean locally convex spaces. We use the Kolmograve diameters to 
show that the finite product of any −Λ )(α compactoid sets is 

−Λ )(α compactoid and to obtain for  −Λ )(α compactoid operators results 
resembling previously known properties of compact operators.  

In the classical case of spaces over the real or complex field, analogous 
problems have been studied by several authors (see, for example, [3], [4], 
[7], [8]).  
Preliminaries: 
Let K  be a field.  A non-archimedean valuation on K  is a function  

),0[:. ∞→K  such that  for all  K∈βα ,  it  satisfies:  

0=α  if and only if  0=α ; βααβ = ; and { }βαβα ,max≤+ .  
Let E  be a linear space over the field K . A  non-archimedean  seminorm  
on  E  is a seminorm  which  verifies the  strong triangle inequality: 

{ }yxyx ,max≤+  for all ., Eyx ∈  
Throughout this paper K  is a non- archimedean valued field that is 

complete with respect to the metric induced by the non-trivial valuation . , 

K  is the set of all scalars K∈λλ , . Also ,....., FE  are  Hausdorff  
locally convex spaces over K . We will denote by ),( FEL the vector space 
of all continuous linear operators from E  into F and by )(Ecs the 
collection of all continuous non-archimedean seminorm on E . For 

)(Ecsp∈  and 0>r , ),0( rBp will be the set  { }rxpEx ≤∈ )(: . By [5]  the 
collection of all neighborhoods )1,0(pB  ( )(Ecsp∈ ) is a local base of zero 
in E . 
By [1], a subset B  of E  is called compactoid if for every zero-
neighbourhood U  in E  there exists a finite set ES ⊂  such that 

UScoB +⊂ )( , where )(Sco is the absolutely convex hull of S .  
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Let us denote by the 0c  the space of all sequences in K  converging to zero 
and by )(Kl∞  the space of all bounded sequences in K . 

−Λ )(α compactoid sets 
Let ∞

== 1)( nnαα  be an increasing sequence of non-negative real 
numbers tending to infinity and satisfying  

nn cαα ≤2  for some 0>c  and all Nn∈ .                                           ( 1) 
For  { }0/KR∈ , 1≥R  and a sequence ∞

== 1)( nnξξ  in K , we define 

n
n

R
nRp ξξ αsup)( = . The non-archimedean power series space )(αΛ  is the 

space of all sequences ξ  in K  for which ∞<)(ξRp  for all { }0/KR∈ , 
1≥R . On )(αΛ  we consider the locally convex topology generated by the 

family { }{ }1,0/: ≥∈ RKRpR  of non-archimedean seminorms (Compare     
[2], [6]). Under this topology )(αΛ  is a complete Hausdroff locally convex 
space over K , and condition (1) is equivalent to )()()( ααα Λ≅Λ×Λ  and 
called stability (see [6]). 
In case )1........,,1,1(=α , we have )()( Kl∞=Λ α and in case 

))1(log( += nα  we obtain the space of all rapidly decreasing sequences [8].  
By [ ]x  we mean the integer part of the real number x  such that [ ] η=x  if 

.10, <≤+= µµηx   
Proposition 2.1. 
If )(,......),,( 210 αξξξξ Λ∈= , then )(......),,,()( 11000

2

αξξξξξ Λ∈=∞
=

⎥⎦

⎤
⎢⎣

⎡ nn . 

Proof.  Let  )(αξ Λ∈ .Then  for { }0/KR∈ , 1≥R , and 1>n  we have  

∞<=≤≤≤≤
⎥⎦

⎤
⎢⎣

⎡
⎥⎦

⎤
⎢⎣

⎡
⎥⎦

⎤
⎢⎣

⎡
⎥⎦

⎤
⎢⎣

⎡
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⎤
⎢⎣

⎡
⎥⎦
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⎡

⎥
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⎢
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⎥
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⎢
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⎢
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⎡
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α  ,  

And so )()( 0
2

αξ Λ∈∞
=

⎥⎦

⎤
⎢⎣

⎡ nn .  

For a bounded subset B  of a locally convex space E  over K , a 
)(Ecsp∈ and a non- negative integer n , the  n th Kolmograve diameter 

)(, Bpnδ of B with respect to p is the infimum of all µ , K∈µ , for which 
there exists a subspace F  of E  with dim nF ≤)( , such that 

)1,0(pBFA µ+⊂ (see [6]). These n th Kolmograve diameters satisfy the 
following properties: 
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Proposition 2.2. 
(Compare  [3], p16, [7], p208] , [8]): 
(i) 0.........)()()( ,2,1,0 ≥≥≥≥ BBB ppp δδδ  for all )(Ecsp∈ . 
(ii) If BB ⊆1  and qp ≤ , then )()( ,1, BB qnpn δδ ≤ . 
(iii) If  ),,( FELT ∈  then for all )(Fcsp∈  there exists )(Ecsq∈ such that 

)())(( ,, BBT qnpn δδ ≤ . 
Definition 2.3.   
(Compare [6]) A subset  B  of  E  is called −Λ )(α  compactoid  if for 
all )(Ecsp∈  there exists )()( 0 αξξ Λ∈= ∞

=nn such that )(, Bpnδ nξ≤   for all 

n (or equivalently  ∞<)(sup , BR pn
n

nδα  for all { } 1,0/ ≥∈ RKR ). 

In case, 0)( c=Λ α , the concept of −Λ )(α  compactoid set coincide with the 
concept of a compatoid set  (see  [6]). 
Proposition 2.4 

 Let ∏
=

=
n

i
iEE

1

, where each iE  is a locally convex space whose topology 

generated by the family )( iEcs  of non-archimedean seminorms, and let iB  
be any bounded subset of iE , then for all )(Ecsp∈  there exist )( ii Ecsp ∈ , 

ni ,......,2,1= , such that  

))}(),....,({max(inf)( ,1,
1

, 11 npkpk

n

i
ips BBimumB

nn
δδδ ≤∏

=

 

where the infimum is taken over all choices skkk n ≤+++ ........21 .    
Proof :  Suppose )(Ecsp∈ ,  then the neighborhood )1,0(pB  of zero in  E  

can be taken in the form ∏
=

n

i
iU

1

, where iU  is a neighborhood of zero in iE . 

Since the collection { })(:)1,0( iip EcspB
i

∈  is a local base of zero in iE , then 
for each iU , there exists )( ii Ecsp ∈  such that ip UB

i
⊂)1,0( , so 

)1,0()1,0(
1 1

p

n

i

n

i
ip BUB

i
=⊂∏ ∏

= =

. Now, according to the definitions of 

)(, ipk B
ii

δ , ni ,......,2,1= , we have for 0>ε , there exist subspaces 

nFF ,..........,1 of nEE ,.......,1 , respectively, with 

nn kFkF ≤≤ )dim(,.......,)dim( 11 , and Kn ∈µµ ,......,1  such that  
εδµ +≤ )(, ipki B

ii
 and ipii FBB

i
+⊂ )1,0(µ . This implies that  
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∏∏∏∏
====

+⊂+⊂
n

i
ip

n

i
i

n

i
pi

k

i
i FBFBB

i
1111

)1,0()1,0( µµ  

where ),....,max( 1 nµµµ = . Since skkkF n

n

i
i ≤+++≤∏

=

.....)dim( 21
1

, 

then    

))))(,),........((max(),....,max()( ,1,1
1

, 11
εδδµµµδ +≤=≤∏

=
npkpkn

n

i
ips BBB

nn
. 

Since 0>ε  was arbitrary, we get    

))(,),........(max()( ,1,
1

, 11 npkpk

n

i
ips BBB

nn
δδδ ≤∏

=

, 

and since this estimation is true for any choice of 
skkk n ≤+++ .....21 , then  

))}(,),........(min{max()( ,1,
1

, 11 npkpk

n

i
ips BBB

nn
δδδ ≤∏

=

 

Corollary 2.5 

))(..,),........(max()(
,

2

1
,

21
,

1
n

p
s

p
s

n

i
ips BBB

nrr ⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=

≤∏ δδδ  

where r is the smallest integer such that  rn 2< . 

Proof: Since ssn

i
r ≤∑

=1 2
, it follows form proposition (2.4) that 

))}(),....,(min{max()( ,1,
1

, 11 npkpk

n

i
ips BBB

nn
δδδ ≤∏

=

))(),.....,(max(
,

2

1
,

2
1

n
p

s
p

s BB
nrr ⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡≤ δδ . 

Theorem 2.6. 
The product of any finite number of −Λ )(α compactoid sets is 

−Λ )(α compactoid.     

Proof. Suppose ∏∏
==

⊂
n

i
i

n

i
i EB

11

, where each iB  is a −Λ )(α compactoid in 

iE . Clearly )())(( 0, αδ Λ∈∞
=siips B for all ),( ii Ecsp ∈ it follows from 

proposition (2.1) that )())(( 0
,

2

αδ Λ∈∞
=

⎥
⎦

⎤
⎢
⎣

⎡ si
p

s B
ir

for all ),( ii Ecsp ∈ where r is 



 
 
 

On non_archimedean  −Λ )(α  Gelfand-Philips Spaces  
  

 431

the smallest integer such that rn 2< . Now from corollary (2.5), for all 
)(Ecsp∈  there exist )( ii Ecsp ∈ , ni ,......,2,1= , such that  

,...1,0)(....)())(),...,(max()(
,

2

1
,

2
,

2

1
,

21
,

11

=∀++≤≤
⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
=
∏ sBBBBB n

p
s

p
sn

p
s

p
s

n

i
ips

nrrnrr

δδδδδ  

Thus, )())(( 0
1

, αδ Λ∈∞
=

=
∏ s

n

i
ips B  for all )(Ecsp∈ , which prove that ∏

=

n

i
iB

1

 is 

−Λ )(α compactoid in E .  
Theorem 2.7 
 The continuous linear image of any −Λ )(α compactoid set is 

−Λ )(α compactiod.   
Proof. Let ),( FELT ∈ and let B  be a subset of E  which is 

−Λ )(α compactoid, then )())(( 0, αδ Λ∈∞
=npn B for all )(Ecsp∈ . Now, by 

property (iii) of proposition (2.2), for each )(Fcsq∈  there exists 
)(Ecsp∈ such that )())(( ,, BBT pnqn δδ ≤ for all ,Nn∈  and so )(BT  is 

−Λ )(α compactoid in F . 
Corollary 2.8  

  If ∏
=

=
n

i
iBB

1

 is  −Λ )(α compactoid subset of  a locally convex space 

∏
=

=
n

i
iEE

1

, then iB  is −Λ )(α compactoid. 

Proof: It follows from the fact that, the projection operator iP  from 

∏
=

n

i
iE

1

into iE  is continuous and i

n

i
ii BBP =∏

=

)(
1

.  

 
 
 
 
3 −Λ )(α Limited sets and −Λ )(α GP-spaces. 
Defintion 3.1.  
 (Compare [6]) An operator ),( FELT ∈ between two locally convex spaces 

FE,  over K  is called  −Λ )(α compactoid if there exists a neighborhood 
V  of zero in E  such that )(VT  is −Λ )(α  compactoid in F . 
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In case, 0)( c=Λ α  the concept of −Λ )(α  compactoid operator coincide 
with the concept of a compact operator (see [6]). 
Definition  3.2 
 Compare [1] 
i) A bounded subset B of E is called  −Λ )(α limited in E  if and only if for 
each continuous linear map T from E to 0c , T(B) is −Λ )(α compactoid     in 

0c . 
ii) An operator ),( FELT ∈  is called −Λ )(α limited if there exists a zero- 
neighborhood U  in E  such that )(UT is −Λ )(α limited in F  
Proposition 3.3. 
i) Every −Λ )(α compactoid subset of E is −Λ )(α limited in E. 
ii) If B is −Λ )(α limited in E and  ),( FELT ∈ , then T(B) is −Λ )(α limited 
in F where ),( FEL denotes the vector space of all continuous linear maps 
from E to F). 
iii) If B is −Λ )(α limited in E and BD ⊂ , then D  is −Λ )(α limited in E. 
iv) Let M be a subspace of E and MB ⊂ . If B is −Λ )(α limited in M then 
B is −Λ )(α limited in E .  
Proof: 
i) Let B  be any −Λ )(α compactoid subset of E  and let  ),( 0cELT ∈ . It 
follows from property ( iii) of proposition (2.2) that for all )(Fcsp∈  there 
exists )(Ecsq∈ such that )())(( ,, BBT qnpn δδ ≤ and so T(B) is 

−Λ )(α compactoid in 0c .Therefore B is −Λ )(α limited in E. 
ii) Suppose B is −Λ )(α limited in E and ),( FELT ∈ . Let  ),( 0cFLG ∈ , 
then ),( 0cELTG ∈o , so ))(( BTG  is −Λ )(α compactoid in 0c . Therefore 

)(BT  is −Λ )(α limited in E. 
iii) Let BD ⊂ and ),( FELT ∈ , then )()( BTDT ⊂ , and hence, by property   
(ii) of proposition (2.2), )())(( ,, BDT pnpn δδ ≤  for all )(Fcsp∈ , and so 

)(DT  is −Λ )(α compactoid in 0c . And this complete the proof. 
 iv) Let  M be a subspace of  E and let MB ⊂ be −Λ )(α limited in M. If  

),( 0cELT ∈ , then the restriction operator ),( 0cMLMT ∈  is continuous , 

and so )()( BTBMT =  is −Λ )(α compactoid in 0c , Thus B is 
−Λ )(α limited      in  E . 

Definition 3.4    
Compare [1] 
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 A locally convex space E is called   −Λ )(α Gelfand-Philips space 
( −Λ )(α GP-space in short) if every −Λ )(α limited set in E is 

−Λ )(α compactoid. 
Theorem 3.5 

  If  ∏ ∏
= =

⊂
n

i

n

i
ii EB

1 1

is  −Λ )(α limited , then iB is −Λ )(α limited. 

Proof: Let 0: cET i → be any continuous linear operator, then 

iii EEP →∏:  is continuous, then 0: cEPT ii →∏o  is continuous, so 

)()( iii BTBPT =∏o is −Λ )(α compactoid, hence iB  is −Λ )(α limited. 

Proposition  3.6 
i) A subspace of −Λ )(α GP-space is −Λ )(α GP-space. 
ii) The product of a any finite numbers of −Λ )(α GP-spaces is −Λ )(α GP-
space. 
Proof :  
i) Let M be a subspace of  −Λ )(α GP-space E and let B be any 

−Λ )(α limited M, then ,by ( iv) of proposition (3.3) , B is −Λ )(α limited 
in E . Since E is −Λ )(α GP-space, then B is −Λ )(α compactoid in E, and 
hence in M, and therefore M is −Λ )(α GP-space. 
ii) Let nEEE ,.....,, 21  be  a finite numbers of −Λ )(α GP-spaces and let  

B=∏ ∏
= =

⊂
n

i

n

i
ii EB

1 1

be −Λ )(α limited set in ∏
=

n

i
iE

1

. It follows from theorem 

(3.5) that  iB  is −Λ )(α limited in iE . Since each iE  is  −Λ )(α GP-space, 

then iB is −Λ )(α compactoid in iE , Now by theorem (2.6) ∏
=

n

i
iB

1

is 

−Λ )(α compactoid in E. So ∏
=

n

i
iE

1

 is −Λ )(α GP-space. 

Definition  3.7  
  Let nn TTT ,....,,1  be any finite numbers of  continuous linear operators from 

iE  into iF , then The operator ∏∏∏
===

→
n

i
i

n

i
i

n

i
i FET

111

:  is defined by 
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 ),....,,().....,,,( 221121
1

nnn

n

i
i xTxTxTxxxT =∏

=

. 

Proposition 3.8 
   Let nn TTT ,....,,1  be any finite numbers of  −Λ )(α limited  operators from 

iE  into iF , where  nn FFF ,....,,1  are −Λ )(α GP spaces, then the operator  

∏
=

n

i
iT

1

  is  −Λ )(α limited  operator. 

Proof :  Suppose  nn TTT ,....,,1  are   −Λ )(α limited  operators from iE  into 

iF , then there exist neighborhoods  nn VVV ,....,,1 of zero in nn EEE ,....,,1  
such that )(),....,(),( 2211 nn VTVTVT are −Λ )(α limited sets in nFFF ,....,, 21  . 
Since  nFFF ,....,, 21 are −Λ )(α GP spaces, then )(),....,(),( 2211 nn VTVTVT  are 

−Λ )(α compactoid sets, and so by theorem (2.6) and proposition (3.3, (i)) it 

follows that ∏
=

n

i
ii VT

1

)(  is −Λ )(α limited set in ∏
=

n

i
iF

1

. Thus ∏
=

n

i
iT

1

 is 

−Λ )(α limited  operator. 
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