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On The Spacings of Exponential and Uniform order Statistics 
Prof. Mohamed I. Riffi * 

  

  الملخص
لإحصائيات المرتبة في كـل مـن الحـالتين         ندرس في هذه الورقة توزيع الفراغات بين ا       

] الفترة  باحتمال موجب في هعندما يكون توزيع العينة العشوائية يأخذ قيم       , ]a bعندما يأخذ قيمه و 

)في الفترة    باحتمال موجب  , )- ¥ +   وبعد ذلك نتحول إلى دراسـة توزيعـات وبعـض            .¥

وسنبين في هذا   .  لتوزيع الأسي والتوزيع المنتظم   الفراغات للإحصائيات المرتبة ذات ا    خصائص  

مستقلة وذات توزيع    الأسي   البحث أن الفراغات بين الإحصائيات المرتبة المتجاورة ذات التوزيع        

وسنبين كذلك أن هذه الفراغات هي تحويلات لبعض توزيعات بيتـا فـي             .  أسي بمعلمات مختلفة  

وسنبرهن أيضاً بعض العلاقات بين هذه الفراغات فـي حـالتي           .  حالة المعاينة من توزيع منتظم    

  .التوزيع الأسي والتوزيع المنتظم
 

 
ABSTRACT 

 
We study the distributions of spacings of order statistics both when 

the distribution of the random sample has support of the form [ , ]a b  and of 
the form( , )- ¥ + ¥ .  Then we turn to the study of the distributions and 
some properties of the spacings of the exponential and uniform order 
statistics.  We show that the spacings of adjacent exponential order statistics 
are independent and exponentially distributed with different parameters.  
We also prove that these spacings are transformations of some beta 
distribution in the case of sampling from a uniform population.  We also 
prove some relations between these spacings in the exponential and uniform 
cases. 
 
Order statistics, spacings of order statistics, characterization of distributions, 
adjacent order statistics. 
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INTRODUCTION: 
Let 1 2, , , nX X XK  be independent random variables constituting a 

random sample of size , 1, 2, 3,n n = K  from a distribution with 
absolutely continuous cumulative distribution function (cdf) F ; i.e., F  has 
probability density function (pdf) f  with respect to the Lebesgue measure. 
Let 1: 2: :n n n nX X X< < <L  be the order statistics of these iid 
random variables. Let 1 1:: nD X=  and 

: 1:: , 1, 2, ,i i n i nD X X i n-= - = K ; i.e., iD  is the difference between 
the two adjacent order statistics :i nX  and 1:i nX -  with the convention 

0: : 0nX = . The random variables 1 2, , , nD D DK  are called the spacings 
of adjacent order statistics (Casella et al. [4]). These spacings evidently give 
some idea about the "spread" of a distribution. They also can be used to 
characterize some distributions like the uniform and exponential 
distributions.  They also can be used to construct confidence intervals for 
the corresponding population. Therefore, these spacings may be of interest 
in their own right. 

In Section 2, we use the joint distribution of order statistics to derive the 
cdf of the random variables, 1 2, , , nD D DK  in terms of F  and f  of the 
distribution of the random sample. 

In Section 3, we study the properties of these spacings in the exponential 
population case.  We write their distributions in a closed form. 

In Section 4, we derive the distributions of these spacings in closed form 
and study their properties. 
We will assume throughout the paper, unless otherwise stated, that we are 
sampling from a distribution with support ( , )- ¥ + ¥ . We will use iF  
and if  to denote, respectively, the cdf and pdf of iD .  We will also use ,i jf  

to denote the pdf of : :j n i nX X- .  We also will use 
d

X Y=  to denote that 
the two random variables X  and Y  have the same distribution.  We will 
use the symbol W to remark the end of a proof. 
DISTRIBUTIONS OF iD S: 
Recall that the pdf of the i th order statistic :i nX  is given by 

 1( ) ( ) ( )[1 ( )] , ,i n i
i

n
f x i f x F x F x xi

- وِ- ÷ç= - - ¥ < < ¥÷ç ÷ç ÷çè ّ
   (2.1) 
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the joint pdf of :i nX   and : ,1j nX i j n£ < £ , is given by 

 
1

,

1

!( , ) ( ) ( ) ( )
( 1)!( 1 )!( )!
[ ( ) ( )] [1 ( )] ,

i
i j

j i n j

nf x y f x f y F xi j i n j
F y F x F y

-

- - -

=
- - - -

´ - -
, (2.2) 

 for ,x y- ¥ < < < ¥  
and the joint pdf of 1: 2: :, , ,n n n nX X XK  is given by 

1,2, , 1 2 1 2( , , , ) ! ( ) ( ) ( ),n n nf x x x n f x f x f x=K K L (2.3) 
for 1 2 .nx x x- ¥ < < < < < ¥L  

Lemma 2.1.  The cdf iF% of iD  is given for 2, 3, ,i n= K  by 

2 1( ) 1 ( 1) ( ) ( )[1 ( )] ,1
i n i

i

n
F r i f x F x F x r dxi

¥
- - +

- ¥

وِ ÷ç= - - - +÷ç ÷ç - ÷çè ٍّ%  (2.4) 

for 0r > ; and it is given for 1i =  by 

1( ) 1 [1 ( )] ,nF r F r= - -%       (2.5) 
for 0r > . 
Proof.  See Riffi [5] for a proof. W 
Lemma 2.2.  If the support of the underlying distribution is [ , ]a b , where 

a b- ¥ < < < ¥ , then for any 0 r b< <  and 2, 3, ,i n= K , 

 1( ) 1 ( 1) ( ) ( )[1 ( )]1

b r
i n i

i
a

n
F r i f x F x F x r dxi

-
- وِ- ÷ç= - - - +÷ç ÷ç - ÷çè ٍّ%  (2.6) 

and 1F% is equal to the cdf of the first order statistics. 
Proof.  See Riffi [5] for a proof. W 
Theorem 2.1.  If the support of the underlying distribution is [0, )+ ¥ , 
then we have for 1,2, ,i n= K  and 0r >  

: :, ,
0

( ) : ( ) ( , ) .j n i ni j X X i jf r f r f x x r dx
¥

-= = +ٍ%                 (2.7) 

Proof.  Let S  be the region bounded by : :j n i nX X³  and 

: :j n i nX X r£ + . Then 
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: : ,

,
0

( ) ( , )

( , ) .

j n i nX X i j
S

x r

i j
x

F r f x y dydx

f x y dydx

-

¥ +

=

=

ٍٍ

ٍٍ
 

By using Leibnitz's rule, we get 

: :, ,
0

,
0

,
0

( ) ( ) ( , )

( , )

( , ) .

j n i n

x r

i j X X i j
x

x r

i j
x

i j

f r F r f x y dydxr r

f x y dy dxr

f x x r dx

¥ +

-

¥ +

¥

¶ ¶= =
¶ ¶

وِ ¶ ÷ç ÷ç= ÷ç ÷¶ç ÷çè ّ

= +

ٍٍ

ٍٍ

ٍ

%

W

 (2.8) 

Theorem 2.2.  If the support of the underlying distribution is of the form 
[ , ]a b , then  

1,( ) ( , ) .
b r

i i i
a

f r f x x r dx
-

-= +ٍ%                     (2.9) 

Proof.  Similar to the proof of the case  when the support is [0, )¥ . W 
Applications to the Exponential Distribution: 

In the following theorem, we derive the pdf of the random variable 
: :j n i nX X-  for the order statistics resulting from a random sample of size 

n  from an exponential distribution with parameter 0l > , where i j< .  
Then we will derive the pdf of the spacings iD  for 1,2, ,i n= K  
resulting from this random sample. 
Theorem 3.1.  Let 1: 2: :, , ,n n n nX X XK  be the order statistics of a random 
sample of size n  from an exponential distribution with parameter 0l > .  
Then the pdf of : :j n i nX X-  for i  and j  in {1,2, , }nK  such that 
i j<  is given by: 

( 1) 1
,

( )!( ) (1 ) , 0.
( )!( 1)!

n j r r j i
i j

n if r e e rn j j i
l ll - - + - - --= - >

- - -
%  (2.10) 
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Proof.  It follows from (2.2) that: 
 ( 1) 1

, ( , ) ( ) (1 ) ,n i x x i
i jf x x r c r e el l- - + - -+ = -  

where the ( )c i  is given by 

2 ( 1) 1!( ) : (1 ) .
( 1)!( 1)!( )!

n j r r j inc r e ei j i n j
l ll - - + - - -= -

- - - -
 

By using Theorem 2.1 and integration by parts we get for 0r >  

, ,
0

( 1) 1

0

( 1) 1

( ) ( , )

( ) (1 )

( 1)!( )!( )
!

( )! (1 ) .
( )!( 1)!

i j i j

n i x i

n j r r j i

f r f x x r dx

c r e e dx

i n ic r n
n i e en j j i

l l

l l

l

l

¥

¥
- - + - -

- - + - - -

= +

= -

- -=

-= -
- - -

ٍ

ٍ

%

W

 

Corollary 3.1.  Let 1: 2: :n n n nX X X< < <L  be the order statistics of 
a random sample of size n  from an exponential distribution with parameter 

0l > .  Then the pdf of : :k i n i nX X+ -  for i  and 1 k n£ <  such that 
1 i k i n£ < + £  is given by: 

 ( 1) 1
, ( ) (1 ) , 0.n k i r r k

i k i

n i
f r k e e rk

l ll - - - + - -
+

وِ- ÷ç ÷= - >ç ÷ç ÷÷çè ّ
%  (2.11) 

Proof.  The proof follows from Theorem 3.1 by replacing j  with k i+ . 
Remark 3.1.  We note that when 1k n= -  and 1i = , we get the pdf of 
the sample range, namely 
 2

1, ( ) ( 1) (1 ) .r r n
nf r n e el ll - - -= - -% W 

Theorem 3.2.  Let 1: 2: :n n n nX X X< < <L  be the order statistics of 
a random sample of size n  from an exponential distribution with parameter 

0l > .  Then : : :
d

j n i n j i n iX X X - -- =  for i  and j  in {1,2, , }nK  
with i j< . 
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Proof.  The proof follows from Theorem 3.1 which gives the pdf of 
: :j n i nX X-  for i j<  as 

( 1) 1
,

( )!( ) (1 ) , 0.
( )!( 1)!

n j r r j i
i j

n if r e e rn j j i
l ll - - + - - --= - >

- - -
%   (2.12) 

But (2.1) gives the pdf of the ( )j i- th order statistic resulting from a 
random sample of size n i-  as 

1( ) ( ) ( ) ( )[1 ( )] , .j i n j
j i

n i
f x j i f x F x F x xj i

- - -
-

وِ- ÷ç ÷= - - - ¥ < < ¥ç ÷ç - ÷÷çè ّ
 (2.13) 

Substituting ( ) xf x e ll -=  and ( ) 1 xF x e l-= -  in (2.13), the 
assertion follows. W 
Theorem 3.3.  Let 1: 2: :n n n nX X X< < <L  be the order statistics of 
a random sample of size $n$ from an exponential distribution with 
parameter 0l > . Then the iD s are independent and exponentially 
distributed with parameters ( 1)n il - +  for each 1,2, ,i n= K , 

respectively.  In other words, the pdf, if%, of iD  is given by 
( 1)( ) ( 1) , 0.n i r

if r n i e rll - - += - + >%                   (2.14) 
Proof.  For the case when 1i = , we have 

( 1)
1 1( ) ( ) , 0.r n r nrf r f r n e e n e rl l ll l- - - -= = = >%  (2.15) 

If 1i > , we let 
!( ) :

( 2)!( )!i
nc n i n i=

- -
.  Then for 0r > , 

1,

2 ( ) 2 ( )
0

2 ( 1) ( 1) 2
0

2 ( 1)

( 1)

( ) ( , )

( ) (1 ) ( )

( ) (1 )

( 2)!( 1)!( )
!

( 1) ,

i i i

x x r x i x r n i
i

n i r n i x x i
i

n i r
i

n i r

f r f x x r dx

c n e e e e dx

c n e e e dx

i n ic n en
n i e

l l l l

l l l

l

l

l

l

l l
l

¥
-- ¥

¥ - - + - - - + -

¥- - + - - + - -

- - +

- - +

= +

= -

= -

- - +=

= - +

ٍ
ٍ

ٍ

%

   (2.16) 

where we have used integration by parts repeatedly. 
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To prove that 1 2, , , nD D DK  are mutually independent, we see that the 
inverse of the transformation that gives each iD  as a function of 

1: 2: :, , ,n n n nX X XK  is given by : 1 2i n iX D D D= + + +L , for 
1,2, ,i n= K . 

The Jacobian of the inverse transformation is equal to 1 since it is the 
determinant of an n n´  triangular matrix.  Therefore, by using (3.2), we 
see that 

1 ( 1 )
1,2, , 1 2

( 1 )

1

( , , , ) !

! , 1,2, , .

ii n

i

n i xn
n n

n n i x

i n

f x x x n e

n e i n

l

l

l

l

£ £- + -

- + -

£ £

=ه

= ص=
K

% K

K
 

Since the joint pdf of the iD s factors into the product of functions of 
each variable alone, they are mutually independent (See Theorem 4.6.4 of 
Casella et al. [4]). W 
Corollary 3.2.  Let 1: 2: :, , ,n n n nX X XK  be the order statistics of a 
random sample of size n  from an exponential distribution with parameter 

0l > .  Let the random variables , 1,2, ,iD i n=% K  be defined by 

: ( 1)i iD n i D= - +% .  Then 1 2, , , nD D D% % %K  are iid with exponential 
distribution with parameter l . 
Proof.  The inverse of the transformation ( ) ( 1)r g x n i x= = - +  is 
given by 

1( ) / ( 1)g r r n i- = - +  with derivative 

1( ) 1/ ( 1)d g r n idr
- = - + .  Hence, the pdf of each iD% is given by 

1 1( ) ( ( )) | ( ) |

, 0.
i iD

r

df r f g r g rdr
e rll

- -

-

=

= >

% %
 

This proves the claim of the corollary. W 
APPLICATIONS TO THE UNIFORM DISTRIBUTION 

Let 1: 2: :, , ,n n n nX X XK  be the order statistics of a random sample of 
size n  from a uniform distribution on the finite interval [ , ]a b .  We will 
denote by ,i jD  for 1 i j n£ < £  to the spacings between :j nX  and 



 
 
 
 

On The Spacings of Exponential and Uniform order ...  
  

 391

:i nX .  We also let the pdf of ,i jD  be denoted by ,i jf% . When 1j i= + , 
we simply let  : :j j n i nD X X= -  for 1 i n< £  and 1 1:: nD X= . 
Theorem 4.1.  Let 1: 2: :, , ,n n n nX X XK  be the order statistics of a random 
sample of size n  from a uniform distribution on the finite interval [ , ]a b . 

Then the pdf ,i jf%  of ,i jD  is given by 

 
, ,

1

( ) ( , )

( ) ( ) ( ) ,

b r
i j i ja

n j i n j i

f r f x x r dx
n

j i b a r b a rj i

-

- - - - +

= +

وِ ÷ç= - - - -÷ç ÷ç - ÷çè ّ

ٍ%

 (3.1) 

for 0 r b a< < -  and 1 i j n£ < £ . 
Proof.  We use Theorem 2.2 to write , ( , )i jf x x r+  for 1 i j n£ < £  
as 

1 1
,

!( , ) ( ) ( ) ( ) .
( 1)!( 1)!( )!

n i j i n j
i j

nf xx r b a x a r b x ri j i n j
- - - - -+ = - - - -

- - - -  
By integrating over the interval [ , ]a b r-  with respect to x , we get 

1
,

- -1

!( , ) ( ) , where
( 1)!( 1)!( )!

( - ) ( )

( 1)!( )!( ) ,
( )!

n j i
i j

b r i n j
a

n j i

nf x x r dx b a ri j i n j

I x a b x r dx

i n j b a rn j i

- - -

-

- +

+ = -
- - - -

= - -

- -= - -
- +

ٍ  

by using the integration by parts technique. Therefore, 

1 1
, ( , ) ( ) ( ) ( ) ,

b r n j i n j
i ja

n
f x x r dx j i b a r b a rj i

- - - - - وِ+ ÷ç+ = - - - -÷ç ÷ç - ÷çè ٍّ  (3.2) 

for 0 ,r b a i j< < - < , as required. W 
Corollary 4.1.  Let 1: 2: :, , ,n n n nX X XK  be the order statistics of a 
random sample of size n  from a uniform distribution on the interval [0,1].  

Then : : :
d

j n i n j i nX X X -- = . 
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Proof.  It follows from (3.2) that the pdf of ,i jD  is given by 

 1 1
, ( ) ( ) ( ) ( ) , .n j i n j

i j

n
f r j i b a r b a r a r bj i

- - - - وِ+ ÷ç= - - - - < <÷ç ÷ç - ÷çè ّ
%  (3.3) 

It follows also from (3.1) that the pdf of the ( )j i- th order statistic of a 
random sample of size n  from a uniform distribution on the finite interval 
[ , ]a b  is 

( ) ( )1 1
1

1

( ) ( ) ( ) 1

( ) ( ) ( ) , .

j i n j
j i

n j i n j i

n r rf r j i b aj i b a b a
n

j i b a r b a r a r bj i

- - - +
-

-

- - - - +

وِ ÷ç= - - -÷ç ÷ç - ÷ç - -è ّ
وِ ÷ç= - - - - < <÷ç ÷ç - ÷çè ّ

 (3.4) 

It follows from (3.3) and (3.4) that the two pdfs are the same.  Hence 

: : :
d

j n i n j i nX X X -- = . W 
Corollary 4.2.  Let 1: 2: :, , ,n n n nX X XK  be the order statistics of a 
random sample of size n  from a uniform distribution on the finite interval 
[ , ]a b .  Then the pdf ,i i kf +

%  of ,i i kD +  is given for 1 i n£ <  and 
1 k n i£ £ -  by 

 1
, ( , ) ( ) ( ) ,

b r n k n k
i i ka

n
f x x r dx k b a r b a rk

- - - -
+

وِ ÷ç ÷+ = - - -ç ÷ç ÷çè ٍّ  (3.5) 

for 0 r b a< < - , 1 i n£ < , and 0 k n< <  such that 
1 i k n< + £ . 
Proof.  The proof follows directly from Theorem 4.1 by letting j k i= + .
 W 
Lemma 4.1.  Let 1: 2: :, , ,n n n nX X XK  be the order statistics of a random 
sample of size n  from a uniform distribution on the finite interval [ , ]a b . 
Then : :i k n i nX X+ -  is identical to ::k k nY X a= +  in distribution, 
where 1 ,1i n k n i£ £ £ £ - . 

Proof.  The pdf, ,i i kf +
% , of : :i k n i nX X+ -  is given by 
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, ,

1

( ) ( , )

( ) ( ) ,0 .

b x
i i k i i ka

n k n k

f x f t t r dt
n

k b a x b a x x b ak

-
+ +

- - -

= +

وِ ÷ç ÷= - - - < < -ç ÷ç ÷çè ّ

ٍ%

    (3.6) 

The pdf of :n kX  is given by (2.1) as 

1( ) ( ) ( ) ( ) , .n k n k
k

n
f x k b a x a b x a x bk

- - وِ- ÷ç ÷= - - - < <ç ÷ç ÷çè ّ
 

By using the transformation :Y X a= - , we see that 

 1( ) ( ) ( ) ,0 .n k n k
Y

n
f x k b a x b a x x b ak

- - وِ- ÷ç ÷= - - - < < -ç ÷ç ÷çè ّ
    (3.7) 

Comparing (3.6) and (3.7), we see that both : :i k n i nX X+ -  and 

:k nX a+  are identically distributed for 1 i n£ £  and 
1 1k n£ £ - . W 
Theorem 4.2.  Let 1: 2: :, , ,n n n nX X XK  be the order statistics of a random 
sample of size n  from a uniform distribution on the finite interval [ , ]a b .   
Then 

 

0 if 0

( ) 1 ( ) ( ) if 0

1 if .
i

n n
D

r

F r b a b a r r b a
r b a

-

ïى £ïïïï= - - - - < < ïïïي- ³ -ïïî

 (3.8) 

Consequently, the pdf of iD  for 2, ,i n= K  is given by 
1( ) ( ) ( ) , 0 , andn n

if r n b a b a r r b a- -= - - - < < -%         (3.9) 
1

1( ) ( ) ( ) , .n nf r n b a b r a r b- -= - - < <%                       (3.10) 
That is , 2, ,iD i n= K  are transformations of a beta distribution with 

parameters 1  and n ; more precisely,  the random variable : ( )i iD g D=% , 

where ( ) xg y b a=
-

 has a beta(1, )n  distribution.  1D  is also a 

transformation of a beta(1, )n  distribution, where the transformation in this 

case is given by ( ) xh y b= . 
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Proof.  We start with the pdf of iD  for 2, ,i n= K  

1,( ) ( , )
b r

i i ia
f r f x x r dx

-
-= +ٍ% , where 

2
1,

!( , ) ( ) ( ) ( )[1 ( )] ,
( 2)!( )!

i n i
i i

nf x x r f x f x r F x F x ri n i
- -

- + = + - +
- -

 

for , 0a x b r b a< < < < - . 
Since ( ) 1/ ( ),f x b a a x b= - < <  
 and ( ) ( ) / ( ),F x x a b a a x b= - - < < , we have 

2
1,

!( , ) ( ) ( ) ( )
( 2)!( )!

n i n i
i i

nf x x r b a x a b x ri n i
- - -

- + = - - - -
- -

, 

for , 0a x b r b a< < < < - . 
It follows by integration by parts repeatedly that 

2

1

!( ) ( ) ( ) ( )
( 2)!( )!

( ) ( ) ,0 .

b r n i n i
i a

n n

nf r b a x a b x r dxi n i
n b a b a r r b a

- - - -

- -

= - - - -
- -

= - - - < < -

ٍ%
 

The case when 1i =  follows from our definition of 1 1:: nD X=  and 

that 
1:

1( ) ( ) ( )n
n n

Xf r n b a b x- -= - - . W 
Corollary 4.3.  Let 1: 2: :, , ,n n n nX X XK  be the order statistics of a 
random sample of size n  from a uniform distribution on the interval [0,1]. 
Then 

0 if 0

( ) 1 (1 ) if 0 1

1 if 1.
i

n
D

r

F r r r
r

ïى £ïïïï= - - < ïïïي> ³ïïî

      (3.11) 

Consequently, the pdf of iD  for 1,2, ,i n= K  is given by 

 1( ) (1 ) , 0 1.n
if r n r r-= - < <%                    (3.12) 
That is, iD  has a beta distribution with parameters 1  and n . 

Proof.  The proof follows directly from Theorem 4.2 by letting 0a =  and 
1b = . W 
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