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ABSTRACT

We study the distributions of spacings of order statistics both when
the distribution of the random sample has support of the form [a, 6] and of

the form(- ¥ ,+¥ ). Then we turn to the study of the distributions and

some properties of the spacings of the exponential and uniform order
statistics. We show that the spacings of adjacent exponential order statistics
are independent and exponentially distributed with different parameters.
We also prove that these spacings are transformations of some beta
distribution in the case of sampling from a uniform population. We also
prove some relations between these spacings in the exponential and uniform
cases.

Order statistics, spacings of order statistics, characterization of distributions,
adjacent order statistics.
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INTRODUCTION:

Let X, X5,K, X, be independent random variables constituting a
random sample of size n,n = 1,2,3,K from a distribution with
absolutely continuous cumulative distribution function (cdf) F';i.e., /' has
probability density function (pdf) £ with respect to the Lebesgue measure.
Let X, < X5, <L < X,., be the order statistics of these iid
random variables. Let D = X, and
D = X;.,- X;.1.1= L2K ,n;ie, D; is the difference between
the two adjacent order statistics X,., and X, ;., with the convention
Xo., = 0. The random variables Dy, D,,K , D, are called the spacings

of adjacent order statistics (Casella et al. [4]). These spacings evidently give
some idea about the "spread" of a distribution. They also can be used to
characterize some distributions like the uniform and exponential
distributions. They also can be used to construct confidence intervals for
the corresponding population. Therefore, these spacings may be of interest
in their own right.

In Section 2, we use the joint distribution of order statistics to derive the
cdf of the random variables, Dy, ,,K , D, in terms of /' and £ of the

distribution of the random sample.

In Section 3, we study the properties of these spacings in the exponential
population case. We write their distributions in a closed form.

In Section 4, we derive the distributions of these spacings in closed form
and study their properties.
We will assume throughout the paper, unless otherwise stated, that we are

sampling from a distribution with support (- ¥ ,+¥ ). We will use F;
and £ to denote, respectively, the cdf and pdf of D,. We will also use Ij‘ ;

d
to denote the pdf of X, - Xj.,. Wealso willuse X=Y" to denote that

the two random variables X and Y have the same distribution. We will
use the symbol W to remark the end of a proof.

DISTRIBUTIONS OF D;S:
Recall that the pdf of the 7th order statistic X}.,, is given by

n
£(x) = z'gl.gf(x)Ff- (O[- FOT - ¥ < x< ¥, @1
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the joint pdf of Xj., and X.,,1 £ 7< j £ n,isgivenby

n! .
: Fr 1
G- DIG- 1- Dia- p NE® -
F»- FY "- For/,
for - ¥ <x<y<¥,
and the joint pdf of X].,, X5.,,K , X},., is given by
IiZ,K,H(XIDXbKaXH) = H'f(Xl)f(X2)L f(XH)a(23)
for- ¥ < x3<xx <L <x,<¥.
Lemma 2.1. The Cdfﬁ,/‘ of D, is given for 1 = 2,3,K ,n by

¥
9 n

(- DE; (HOF 2= Fx+ nl" ldy 24)

Ijij(Xa.V) = 5 2)

z

¥
for r > 0;anditis given for 7 = 1 by

Hry=1-[1- FF, @3

)= 1-

forr> 0.
Proof. See Riffi [5] for a proof. W

Lemma 2.2. If the support of the underlying distribution is [a, b], where

-¥ <a< b< ¥ ,thenforany 0 < r< band 7= 2,3,K ,n,

b r
JI]

Hry=1- (- D (EHOFT - Flx+ 0™ 'dx 2.6)

and 1&1/0 is equal to the cdf of the first order statistics.
Proof. See Riffi [5] for a proof. W
Theorem 2.1. If the support of the underlying distribution is [0,+ ¥ ),

then we have for 7 = 1,2, K ,n7 and r > 0
¥

%}(r) = Iy, x, (D= L(xx+ rdx (2.7)

Jn
0

Proof. ~ Let § be the region bounded by X;,* X, and
Xjn £ X + r.Then
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Fx- 2, (0) = 1% y)dyax
S
¥ xt+r

= 4 i(x, y)dydkx.

¥ x+tr
%E(f) - l};‘/Y':n' AXi:n (f) - l _ Izj(Xﬂ.)/)dde
ﬂf ’ ﬂ]’ /0 X
¥ P ﬂ x+r .
= . gﬂ_r ) IZ/'(X,y)dYEX (2.8)
¥

= £ (X, x + r)dx. W
0
Theorem 2.2. If the support of the underlying distribution is of the form
[a, b], then
b-r
W)= £ (xx+ rdx (2.9)
a

Proof. Similar to the proof of the case when the support is [0,¥ ). W

Applications to the Exponential Distribution:

In the following theorem, we derive the pdf of the random variable

)(j: n - X, for the order statistics resulting from a random sample of size
n from an exponential distribution with parameter / > 0, where 7 < J.
Then we will derive the pdf of the spacings D; for 7= L2,K ,n
resulting from this random sample.
Theorem 3.1. Let X}.,, X5.,,K , X},., be the order statistics of a random
sample of size 11 from an exponential distribution with parameter / > 0.
Then the pdf of X, - X, for 7 and j in {1,2,K,n} such that
1 < J is given by:

. Y . .
1= (n- J()H'(/-_I),-_ m’e - ey =1 r> 0. (2.10)
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Proof. It follows from (2.2) that:
IZj(XaX + I‘) = c(r)e' I(n- 1+ 1)X(1 - e 1X)I— 1,

where the ((7) is given by

B n!
= DG - Dia- )]

26- I(n- j+ l)r(l - e lr)j- I- 1‘

By using Theorem 2.1 and integration by parts we get for 77 > 0
¥

P(r) = _ £i(ex+ ndx

0
¥

— C(I‘)/ e I/(n- 1+ l)(l - e lX)i— ldX

0
_ (7- Dl(n- 1!
= ) /n!
— (12 - 1)' le I(n- j+ l)r(l s ]r)j- i- 1 \WY;
(n- HWj- i- D! '

Corollary 3.1. Let Xj., < X,., < L < X,., be the order statistics of

a random sample of size 11 from an exponential distribution with parameter
[/ > 0. Then the pdf of Xy, ;.,, - X, for 7 and 1 £ k < n such that

1£ 1< k+ 1£ n isgivenby:
o - 1

feeilr) = kg

Proof. The proof follows from Theorem 3.1 by replacing j with &+ 7.

Remark 3.1. We note that when K = n - 1 and 7 = 1, we get the pdf of
the sample range, namely

()= (n- Dier(1- ey W
Theorem 3.2. Let X|., < X5, <L < X,., be the order statistics of
a random sample of size 71 from an exponential distribution with parameter
d
1> 0. Then X;, - X;.,= X, ., for 7 and j in {1,2,K,n}
with 7 < J.

%[6- ](I]- k- I’+1)I‘(1_ e— lf)k- I’I.> 0- (2.11)
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Proof. The proof follows from Theorem 3.1 which gives the pdf of

Aij:n - )(1':11 for 7 < ./ as

() = (- /()If(,l)'] 1),1e"<”'f“>’(1- ¢y "lr>0. 212

But (2.1) gives the pdf of the (7 - 7)th order statistic resulting from a

random sample of size 7 - 1 as
- 1. . .
LA0=(- 0f . HOF "IQ- AR -¥ <x<¥. (213

Substituting Ax) = /€ '* and F(x)= 1- ¢ ’* in (2.13), the
assertion follows. W
Theorem 3.3. Let X}., < X,., < L < X,., be the order statistics of
a random sample of size $n$ from an exponential distribution with
parameter / > 0. Then the I);s are independent and exponentially

distributed with parameters /(- 7+ 1) for each 7= 1,2,K ,n,
respectively. In other words, the pdf, %, of D, is given by
Br)y=1(n- i+ !0 ps o, (2.14)
Proof. For the case when 7 = 1, we have
)= £(r)= nle e /=D = ple ! > 0. 2.15)

If 7> 1,welet ci(n) = Then for r > 0,

n'
(7- DWn- 0
¥
Rr)= £ (xxt

z -

= C}’(H)]z O¥ e_ [Xe- [(X+T)(1 _ e' [X)I'- 2(6‘ [(X“"I'))H— IlciX

— 6}'(1])]26‘_ I(n- i+Dr . e 1(n- 1+ l)X(l - IX)I- 2dX (2.16)

z

)]2(1" 2)'(17' I+ 1)!6_ I(n- i+ Dr
/n!

= [(n- i+ e !t- 0,
where we have used integration by parts repeatedly.

= ¢{(n
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To prove that Dy, D,,K , D, are mutually independent, we see that the
inverse of the transformation that gives each [J); as a function of
Xins X200, K, X,y is given by X, = D+ D, + L + Dy, for
1= 12K ,n.

The Jacobian of the inverse transformation is equal to 1 since it is the

determinant of an 7~ n triangular matrix. Therefore, by using (3.2), we
see that

7 -0 ... I(nt+1- Dx;
@2,K,H(X17X2,K ’XI]) = ]H]]!e 1£i€n

= ["n! € [n+l-0% 7= 12K, n.
1£/£n
Since the joint pdf of the D;s factors into the product of functions of

each variable alone, they are mutually independent (See Theorem 4.6.4 of
Casella et al. [4]). W
Corollary 3.2. Let Xj.,, X5.,,K,X,., be the order statistics of a

random sample of size 71 from an exponential distribution with parameter
/ > 0. Let the random variables %’,1'= L2, K ,n be defined by
1%} = (n- 1+ 1)D;. Then %,%,K ,2%}1 are iid with exponential
distribution with parameter / .

Proof. The inverse of the transformation r = g(x) = (n- 7+ 1)x is
given by

gl =rin- i+ with derivative

d .
d—g' Y(ry= 1/(n - i+ 1). Hence, the pdf of each l%} is given by
T

() = e ()| g (0]

=Jle' " r>0.

This proves the claim of the corollary. W
APPLICATIONS TO THE UNIFORM DISTRIBUTION
Let X.,, X5.,,K,X,., be the order statistics of a random sample of

size n from a uniform distribution on the finite interval [a,5]. We will

denote by D;; for 1 £ 1< j £ n to the spacings between X ., and
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Xj.p . We also let the pdf of D; ; be denoted by (J)f{} When j = 7+ 1,
we simply let D; = X, - Xp, for 1 < 7£ nand D = Xi,.
Theorem 4.1. Let X.,, X5.,,K , X},., be the order statistics of a random
sample of size n from a uniform distribution on the finite interval [a, b].
Then the pdf Off; of D;; is given by

b-r
7(r) = £(xx+ r)dx

/ s . ERY
= (j' l)éj_ I-i—(b' a)-nr]- 1-l(b_ a- I,)I]-_]+I’

for0< r<b- aandl1 £ i< j£ n.
Proof. We use Theorem 2.2 to write # ;(x,x + r) for 1 £ /1< j £ n

as
yal

(- Dy~ 7- Dl@- !

By integrating over the interval [2,5 - r] with respect to X, we get

Lxx+n= & Fx- ' x-

n!

7 D'(- 1'-. Dl(a- j)!
1= ) br(x-a)"'l(b- x- "/ dk

(b- ay " -1, where

zgj()gXJr k=

7- Dl(n- ))! w
— ( )( .]) (b- a- 1,)17-]-&-1’
(n- j+ 1)
by using the integration by parts technique. Therefore,
n

br - i ] A
U ffxxt k= (/- z)é,._ Ab- ay "1 b a- T, (3

for 0 < r < b- a,i < j,asrequired. W
Corollary 4.1. Let Xi.,,X5.,,K,X,., be the order statistics of a

random sample of size 7 from a uniform distribution on the interval [0, 1].

d
Then ij:n - Xr':n = *ij— In-
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Proof. It follows from (3.2) that the pdf of D) ; is given by
n
3 . . _
PO =G- 6. FHb- ay "N b- a- DT a<r<b(33)
1] - 3

It follows also from (3.1) that the pdf of the (7 - 1) th order statistic of a
random sample of size n from a uniform distribution on the finite interval

[a, D] is

fi ()= (/- I)g/'i] I.i(b- ay l(b_f a)’" I- 1(1 ) b_r a)ﬂ- J+1
(3.4)

n
= (- z)é._ 1'£(b_ ay "r "\ b- a- /T a<r<h

It follows from (3.3) and (3.4) that the two pdfs are the same. Hence

d
Aij:n - )(1':11 - )(j- in- AW

Corollary 4.2. Let Xi.,,X,.,,K,X,., be the order statistics of a
random sample of size n from a uniform distribution on the finite interval
[a,b6]. Then the pdf Of;§~+k of D;;y 4 is given for 1 £ /< n and

1£ K£ n- 1by

s _ R 0k Ly o ey k
Frr(xx+ Ndx= kG Ab- ay "r* (b a- " ¥ (35)
: k=

z

for 0<r<b-a, 1£ 1<n, and 0< k< n such that
1< 7+ k£ n.

Proof. The proof follows directly from Theorem 4.1 by letting j = k+ 1.

A\
Lemma 4.1. Let Xj.,, X5.,,K, X}, be the order statistics of a random

sample of size n from a uniform distribution on the finite interval [a, b].
Then X,i 4., - X, is identical to Y, = X, + a in distribution,
where 1 £ 7£ n1£ k£ n- 1.

Proof. The pdf, %?’,-Jr k> of Xii o - Xjop is given by
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o b x
1,1+ k(X) = .2 fj:1'+ k(t: t+r )dt

s (3.6)
- kékg(b ay "X Y(b- a- 0" 50< x<b- a

The pdf of X,.; is given by (2.1) as
S
£(x) = kékg(b- ay "(x- af Y(b- )% a< x<b

By using the transformation ¥ = X - a4, we see that
JH; 1 k
£(x) = kék;(b- ay "xk\(b- a- 0" kK0< x<b- a (3.7

Comparing (3.6) and (3.7), we see that both X} 4., - X,., and
Xi, + a are identically distributed for 1£ 7£ n  and

1£ k£ n- 1.W
Theorem 4.2. Let X;.,, X5.,,K , X},., be the order statistics of a random

sample of size 11 from a uniform distribution on the finite interval [a, b].
Then

0 ifr£0
Fp(r)=gl- (b- ay"(b- a- r)" if0<r<b-a@8y
1 ifr3 b- a

Consequently, the pdf of D; for 7 = 2,K , n is given by
%-{(r)z n(b- ay "(b- a- r)™1,0< r<b- a, and (3.9)

%{r) = n(b- ay “(b- r)"la<r<a (3.10)
That is D;,7 = 2K ,n are transformations of a beta distribution with

parameters 1 and 77 ; more precisely, the random variable j%,’ = gD,

X
where g(y) = —— has a beta(l,n) distribution. D, is also a

transformation of a beta(1, 77) distribution, where the transformation in this
X

case is given by /(y) = 5
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Proof. We start with the pdf of D, for 7 = 2,K ,n

Of;%r) = . 5 1./(x,x + r)dx, where
!

fora< x< b0<r<b- a.

Since Aix) = 1/(b- a),a< x<2b

and F(x) = (x- a)/(b- a),a < x < b, wehave

(b- ay "(x- a)" %(b- x- D™,

F{xxtn= ) fx+ DF2R[1- Rx+ I,

n!
fadxx+ )= (i- 2)Nn- 1)!

fora< x< b0<r<b- a.
It follows by integration by parts repeatedly that

r) = ;r T 2)’!](!1]_ I)!(b- ay "(x- a)~%(b- x- ry"dx

= n(b- ay “(b- a- " 1,0<r<b- a
The case when 7 = 1 follows from our definition of D} = Xj., and
— -n n-1
that fy, (r) = n(b- ay "(b- x)"" "W
Corollary 4.3. Let X|.,,X5.,,K,X,., be the order statistics of a

random sample of size 11 from a uniform distribution on the interval [0, 1].
Then

#0 ifrf£ 0
Fp(r)= gl- (1- r)" ifo<r<1 @311
1 if r3 1.
Consequently, the pdf of D; for 7 = 1,2,K , 11 is given by
BHry=n1- Hn"'0<r<l. (3.12)

That is, [J; has a beta distribution with parameters 1 and 1.

Proof. The proof follows directly from Theorem 4.2 by letting 2 = 0 and
b=1W
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