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MATRIX POLYNOMIALS IN TWO VARIABLES
Dr. Ghazi S. Khammash

Croia A ) glibana 3 gaal) Basmia 48 shaa o ABadle
Laildl
IS alag) &5 G el 3 saadl Baastie ) slias A8 shiae (e a5 Al jo Gl s
2 sindd (el A el Loaliil) Y slaall 4 sina ¢y ) Sl CilEdall dloalil 48 sind) (ye
A1l Tl U ) AlaYl S 1 gal) bl A g 3l 5l gall AIall 3 ganll Basate ) sliivmia
Dsbiaas A ghias Gl il ) slaimas 48 diad Al dpala dllall il da 5o jall 3] sl
A gaald) Badmie Cule b 48 ghiae A ALulilieS oy parial 3 gaal) Ba0aa

Abstract

This paper deals with the study of some properties of the new kind of Gegenbauer
matrix polynomials of two variables. The matrix differential recurrence relations, partial
matrix differential equation of two variable of Gegenbauer matrix polynomials and double
generating matrix functions are established. Furthermore, a bilinear double generating
matrix function, a special property and expansion of two variables of Gegenbauer matrix
polynomials as series of Hermite matrix polynomials has been presented.
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1. Introduction: The study of special matrix functions is an independent field. Some
results in the theory of classical orthogonal polynomials have been studied and extended

to orthogonal matrix polynomials see for instance [10,13,14,15,21,11]. Laguerre,
Legendre, Hermite, Gegenbauer and Jacobi matrix polynomials, have been introduced
and studied in[2,3,5,8,9]for matrix inC""- The hypergeometric matrix functions with
matrix differential equation and the explicit closed form general solution of it has been
given and studied in [4,6,7]. Throughout this paper, if f(z) and g(z) are holomorphic
functions of the complex variable z . which are defined in an open set €2 of the complex plane
and if A is a matrix in CM" such thato(A)cQ, then from the properties of the matrix

functional calculus[9,16], it follows that f(A)g(A)=g(A)f(A). IfA is a matrix with
o(A)cD, , where D, is the complex plane cut along the negative real axis and log(z) denotes
the principal logarithm of z, thenz"? represent exp(:log(z)), then AY?=+/A denotes the
image by z/* of the matrix functional calculus acting on the matrix A [2,3]. For | A denotes
any matrix norm for which ||l | =1. If |A| <1 for a matrix Ain C™*"  then (I —A)™, where

a is a positive integer, exists and given by [17]

(1 -A)* =i% @

Also, consider the complex space CN*N  of all square complex matrices of common order N .
For a positive stable matrix A in CV", if Re(1)>0forall Aec (A) wherec (A) denotes the

set of all eigenvalues of A.If A,,A,A, ,..., A, areelements of Cc™™and A, # 0, then we
call P,(x)=A,x"+A, X" +.. +AX +A, amatrix polynomials of degreen inX. If

A+nl is invertible for every integer n>0, then from [6]the matrix version of the pochhammer

symbol is
(A), = % @)
| if n=0
(A = - , ©
AA+1)YA+21)..(A+(n=D)I) if n=1,2,..
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from (3), it is easy to find that

D" (A),

(A)n—r = m;

0<r<n. (4)

From [22, pp.58], one obtains in [7]
(=D’ | :(—n)r | :(—nl)r
(n—r)! n! n!
If Aand Bare members of C""for which AB =BA and if, for all integer n >0
A +nl ,B +nl , and (A +B +nl )are all invertible, where | is identity matrix inC"*" | then the
beta matrix function (A ,B) is defined by [6]
B(A,B)=T(A)[(B)I"(A+B). (6)

Also if the matrices A, BandC in CV for which C +nl is invertible for all integern>0, the

, 0<r<n. 5)

hypergeometric matrix function ,F (A, B:C:x )has been given in the form [6]

,F(A,B;C;x) i‘; (c:))nlx’ (7)

it convergence for | x | < 1.

For any matrix Ain C"* the following relation will exploit due to [6 ]

n

A > (A
(1-x)" =FRA;=x)=> (3]4 X|]<1, (8)

n=0
where (A), denotes the pochhammer symbol given by (3). Also, we have the expansion of

multinomial formula

(1-u-v) ii ::Ikkl Y . (Ju+v|<). 9)

n=0 k=0

If A(k,n) and B(k,n)are matricesin C""™ forn>0,k >0, we have the following relations [2]
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S AKN)=3 A(k,n-2k) (10)

S S B(kn)=3 > B(k,n—k) (1)

similarly, we can write

Alk,n)=3"3 A(k,n+2k) 12)
B(k,n)=3"> B(k,n—k) 13)

Ak.n)=3 S A(kn+k). (14)

If A is a positive stable matrix inC™" and satisfying the condition
(-z2/2)ec(A)Vz eZ*u{O} then the Gegenbauer matrix polynomials of one variable is

defined by [10]
w2 (-2) (A .
CA(x)= M(gx) 2
= k!(n—2k)!
If A is a positive stable matrix inC™™ then the Gegenbauer matrix polynomials of one
variable is defined by [1]

c:(x,A)=[§](k_!1()r:—£V2)|2)k!( 2Ax) ", (15)

and the generating function for these polynomials is
(1-xt2A+t7] )”:Zc;(x AN,
n=0
The two- variable Hermite matrix polynomials define by [19]
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B} (—1)k (x 2A )Hk y“

Hn<X'V’A)=”!§ kKi(n—2k)r 10)
and

) \/_n [n/2] n!yk

X ( 2A) = émH“k (x,y,A). 17)

The Gegenbauer matrix polynomials of two variables by the double generating relation define by [18]
*A o0 o0
(1—2xs+sz—2 yt+t2) =2 > CAx (x,y)s"t", (18)
where A be a positive stable matrix in C"*™.From (18); it follows that

4@ w0 ey

C* (xy)= ZO ) (Uit (n- 2t (k=2j)

where C:k (X, y) is a matrix polynomial in two variables X and y of degree precisely n in X

) 19)

and k in y.

The objective of this paper is to drive and study of some properties of C;, (X, y,A), matrix

differential recurrence relations, partial matrix differential equation, triple Hypergeometric matrix
forms and a bilinear double generating matrix function and a special property. Finally, we study
and expand the Gegenbauer matrix polynomials of two variables in series of two variable of
Hermite matrix polynomials for the new kind of Gegenbauer matrix of two variable polynomials.

2. The Gegenbauer matrix polynomials of two variables: Let A be a positive stable matrix
inC™N we define the Gegenbauer matrix polynomials of two variables C.« X, y,A) by the

double generating relation

(1 =2A Xs +5°1 = J2A yt +1°1 ):i S ClL (YAt (v£0), (20)

n=0 k=0

where H \jﬂxs —s? ﬂ/ﬁyt —t? H<1.
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In which (I—JZAXS+SZI—4/2Ayt+tzl)_vdenotes the particular branch which —1,

where | is the identity matrix in C"",6 as s—0 and t—0. We shall first show that

C, (X,¥,A) is apolynomial of degree precisely n in x and k in y.

Relation (9) enables us to rewrite r. h. s. of (20) as

(I—st+szl—\/ﬁyt+tzl)wzii () (J_AXS S) («/_yt t)

n=0 k=0 n!k!

n=0 k=0 r=0 j=0 ntktrlj! J2Ax

B B»: (V),., (V2Axs) (V2Ayt) (-n), (—k)j( s j(\ﬁt ]j

B (s ( 2Ax)n_2r(«ﬁy)k_2j(—l)r+j s" t

s e rjl(n—2r)! (k—2j)!

Thus, from (20) and above relation by comparing the coefficient of s"t* we obtain the following
explicit representation for the Gegenbauer matrix polynomials of two variables C, (X, y, A)

BN (Vs (V2AX) ™ (V2RY)

= rjt (n—2r)! (k—2j)!

N =

Cl\ (X, y.A)= (21

Clearly, C} (X, ¥, A)is a polynomial in two variables x and y of degree precisely ninx and k

in y. Thus C) (X, y,A)is a polynomial in two variables x and y of degree n+k. From
equation (21) it is clear that
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2n+k v Xn yk
Cre (% V.A)= (n).”f(k. 7 (22)

where 7 is a polynomial in two variables x and y of degree n+k —2.

It is indeed easy to note the following some special cases:
Ifin (20) we replace xby —xand sby —s, the left member does not change. Hence

Cr (=%, ¥, A)=(-1)"Cl (% Y, A). (23)

Again, by replacing y by —Yy and t by —t in (20), we find

v k 14
Coi(X =y, A)= (-1) C/, (X, ¥, A). (24)
Clearly, C), (X, y,A)is an odd function of x for n odd, an even function of x for n even.

Similarly C, (X, y,A) is an odd function of y for k odd, an even function of y for k even.
Replacing x by —x, y by —y, s by —sand t by—t in (20) ,we obtain
v n+k v
Cr(=x-y,A)=(-1) " C/, (X, y,A). (25)
For t =0 in(20), it follows
Clo(% ¥, A) =C; (x,A), (26)

Where C. (X, A) is the well-known Gegenbauer matrix polynomial (15). Taking s=0in Eq.
(20), we obtain

Co (X ¥, A) = C/ (Y, A). (27)
Further taking x=0 and y=0 in(20), we find
(1+s1+t71) " =>">" €/, (0,0,A)s (28)
n=0 k=0

But, in view of the relation (9) it follows that

w ® n+k 2n 42k
I +SZI +t2| B ) (V)nJrkS L .
( %)

et n! k!
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Hence

Conaax (0,0,A)=0,C; 5.1(0,0,A) =0, C5, 5,1 (0, 0,A) =0,

n+k
- 1%
Con.2k (0, O,A) = ( ) n|(k|)n+k

It is clear from (21) that

SEEEE nmﬁ( 2Ax) " (2]

) ‘
N

x A
8X Y r=0 j=0 J(n -1- Zr) (k 2J)
Therefore, we have
|:g Cv (X A)} _ (_l)mk VZA(V)n+k+1
ox 2mek Y - n! k! '
x=0,y=0
0
5‘_ C2n 2k (X Y, A)} - 0,
L x=0,y=0
5 )
8_ C2n,2k+l(x’ y’A)} - 0
L x=0,y=0
_g CZVnJrl 2k+1(X’ y’A):| - O’
_8X Y x=0,y=0
and
- ) o, (V) EA Ry
—_CV A= '
oy Cre (¥ A= i ji(n-2r)! (k-1-2))
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Similarly, we have

a v ( 1)n+k \/ﬁ( )n+k+1
|:5 CZn,2k+l(X’ y!A):| = nt k1 ) (34)

x =0,y =0

_% Conac (XY, )j|x0,y0 = 0,

o Conaa (X0 Y, )} = 0, (35)
oy x =0,y =0

A Comaka (X y,A)} = 0,

Loy X=0y =0

Remarks:
2.1. For v=-1/2 and t=0, and using (8) and(13), the equation (20)reduce to the

Legendre matrix polynomials given by [20]

3 (1) @2) o 2Ax)m72]
P (X, A) = ~ j! (m —2j)!

(36)

2.2. Taking v=-1 and t=0 in equation (20)and using (8) and (13), we get the
Chebyshev matrix polynomial of second kind[12]

H n—J ( 2Ax)n_2j
= ji'(n—2j)!

NS

U, (xA)= (37)

3. Matrix differential recurrence relations: The following recurrence relations hold for
Gegenbauer matrix polynomials of two variables
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l. ﬂx% Cri (% y.A)-2lI aa Clu (% y,A)=v2A N C, (X, Y,A)
Il. J_y— Cr (X, V.A)- 2IaayC,:kl(x yA)= \/_AkC,fk(x yA)
. Jﬁ(wk +n)Cr, (X, y.A)

0 ~, 0 ~, 0 ~,
=1 ox Cn+1k (X1 y’A)_ I a_XCn—l,k (X’ y!A)_ I Ecn,k—l(xv y!A)

V. ((\/_x)— ) Cr(xy.A)

=n({2A )zx Cy (X YA)-4] %C:_Lk_l(x,y,A)—Z 2A 1 (n+2k +2v-1)C/,, (xY,A).

2 )
V. ( 2Ay| -4l )—Cnv X,Y,A
() 41 )2, A
- (,izA)zk yC/!\ (% y,A)-4l %Cnv_l’k_l(x,y,A)—Z 2A1(2n+k +2v-1)C!,  (XyA).

Proof of (38). Let, G =(1 —v2Axs +5°1 —V2Ayt +1’l )

differentiating (43) with respect to xand s yields respectively

oG P2A svG
ox (l— 2AXS +52I —«/2Ayt+tzl)’

and

oG («/ﬁx—Zsl )vG

GE (l —J2Axs +s21 —2AVt +t2|)'

So that matrix function G satisfies the partial matrix differential equation

45

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)



Dr. Ghazi S. Khammash, J. Al-Agsa Unv., Vol.22

(V2A x —2si ) —2A’s aG - 0.
Therefore, by using (20) and (43)

2Asniic (X yA)s K

n=0k =0
=2A XZZ (% y,A ZZ CV_lk (X y,A)s"t"
n=0k:05X hok=0O
Since ai Coy (X% ¥,A)=0, k >0,and for n>1, then by identification of the coefficients of
X 0

s"t*, (38) is proved.

Proof of (39) . Similarly differentiating (43) with respectto Yy and t yields respectively

oG _ VA tvG (46)
oy (l —J2Axs +521 —2Ayt +t2 )

and
oG (VoA x-21 JvG )
ot (1 -v2Axs +s%l —J2Ayt +t?1 )

So that matrix function G satisfies the partial matrix differential equation

(ﬁy—ml) ﬁt =0.

Therefore, by using (20) and (43)

n=0k =0
:«/ﬁyiigcnk(x yA)s"th -2 ii Cnvklxy, )s"th.
n 0 n=0k :0
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Since % Cnvp (x, y,A):O,n >0,and for k>1 , then by identification of the coefficients of
s"t*, (39) is proved.
Now, using (38)and (39), we get
NN (n+k)Cr (x y.A)
=+J2A (x a%+y %}Cnﬁk (x,y,A)-2I [aixc”v‘“ (X, y,A)+%C:,k_l(x, y,A)j. (48)

Proof of (40). Now from (43) and (44), (45)with the aid of (20)we get respectively the
following

J2A v (I —J2Axs +s 2 —\/ﬁytﬂzl) :ii % V(% yA) K, (49)
n=1k=0
and
(\/ﬁx -2l )v (I —J2Axs +521 —2AVyt +12 )_H:ii nC,. (X, y.A)s"t . (50)
n=1k=0

Again from (43) and (46), (47) with the aid of (20) we get respectively the following

J2A v (1 —\2Axs +5%1 —2Ayt+t21) =S v X, V,A) s"t* 1, (51)
2 2 ay Y
n=0k =0

and

2Ry —2t1 v (1 —N2Axs +520 —2Ayt+t21 ) =SS kC. (x yA) st (52)

2 2 Y
n=0k =0

Since

| —J2Axs +5°%1 —2Ayt +t21 =1 —s21 —t2| —s(\/ZAx —2sl )—t (\/ZAy —2tl )

_ 2
If we multiply the equation (49) by % and (50) by sand subtracting (50) from (49) we

have

v(l —MXSJrSZI) (I —J2As+5s? _\/ﬁytﬁ-tzl)ﬂ/{
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I_S Zz kan(xyA niic (%, y,A) s"t*. (53)

2A Sk 0 n=0k=0

2

—t°l
And by multiplying the equation (51) by \/;_A and (52) by tand subtracting (52) from

(51) we get
v(VZA yt-t21) (1 —2As +s% —J2Ayt+t21)
2 © o © ©
=tAZZ Cly (% yA) S +k 3 € (X iA) st (54)
n=0Kk n=0k =0

Now subtracting (54) from (53), and then equating for S"t* thus the matrix differential
recurrence relation (40) is established.

Similarly, we can get another matrix differential recurrence relation on similar lines in the form,
J2A+k+n)Cr (X, V.A)
0 —C (X yA)—1 iCnkal(x, yA)- | iCnﬂlk (X, y.A). (55)
y ’ oy " OX ‘
Proof of (41). Adding (40) successively to (38), we obtain
0 ~v
J2A xa—Cn (X V,A)
"

_2| ai%k (x,y,A)-2 %C;H(x, YA)-J2A (n+2k +20)C!, (X V. A).  (56)
" , ,
Replacingn byn—1 in (56) and using (38),thus the relation (41) is established.

Proof of (42). Similarly if we adding (55) successively to (39) , we obtain

0
J2A'y EC:* (x, y.A)
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-2l %c;kﬂ(x, y,A)-21 %C:_l,k (% y.A)—2A (2n +k +20)CY, (X Y.A).  (57)

Replacing k byk —1 in (57) and using (39) ,thus the relation (42) is established.

From (41)and (42), we get the recurrence relation

([(«/ﬁX)z 41 }% +[(\/ﬁy)2 —4] }a_ay JC:* (xy.A)

= 2 2A1 (n+2k +2v-1)C,, (Xy,A)=22A 1 (2n+k +2v-1)C}, ,(xY,A)

41 {i + 9 }Cnvlkl(x, y,A)+(«/ﬁ)2 (nx+k y)C/, (X, y.A). (58)
o ox [T |
Also, it is easy to drive the following matrix deferential recurrence relation
0 ~v
J2AY ECM (X, y,A)

~ 2 %ogﬂ,k (X y.A)-2] %c;_lyk (% V.A)—y2A (2n +k +2)CL, (X y,A),  (59)
and
J2A [x aix+ y %}c;,k (x, y.A)=2l aﬁxc;ﬂk (% yA)-J2A (n+k +2v)C!, (%, VA). (60)

Proof. By adding (40)successively to (39) and (48), then (59)and (60)can be proved
respectively.

Also, we can drive the following matrix deferential recurrence relation
J2A X iCnvk (X, ¥, A)
ox
=21 aicnvkﬂ(x, y,A)-21 %C{kl (%, y,A)=y2A (n+2k +2v)C., (X, ¥, A), (62)
y o , ,
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and

J2A [x a%” %]c;k (x, y,A)=2l %c;,kﬂ(x,y,A)—a/ 2A (n+k +2v)C!, (xY,A).  (62)

Proof. By adding (55) successively to (38)and(48), then (61)and (62)can be proved
respectively.

4. Partial matrix differential equation of C, (x Y, ): Partial matrix differential equation of

Gegenbauer matrix polynomials of two variables are given as follows

{(4|_ﬂx) (4 J_y) }CﬁkxyA)

_(\jﬂ)z { (2k+2v +1)x§—(2n+2v +1) y%}qk (xy.A)+ (\jﬁ)z (n-k)(n+k+2v)C!, (%, y,A)=0 (63)
Proof of (63). Differentiation (38), partially with respect to X, we get

0"~y 0" v 0 v
2l P Cru (X Y. A)=y2A X WC”* (X, .A)+42A (1_n)8_xcn'k (X, y.A). (64)

Now by shifting the index from n to n—1 in (56), we get
J2A x%Crf_l’k (x, y,A)

=2I aixc”v'k (x y,A)-2l %cglykl(x, y,A)-J2A (n+2k +2v-1)C’,, (x, y,A), (65)

differentiate (65) with respectto x, we get

o .,
V2Ax F Coi (xy.A)

2 2

5 v a v a v
=2 —C;, (xy,A)-2A (n+2k +2v)=Cllu (xy.A) -2 Mcnflkal(x,y,A). (66)
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2

From (38)and (64) by substituting ;C:l « (Xy,A)and %C:_l «(Xy,A) into (66)and
x " x> "

rearrangement terms yield

( (J_x)) =C (X y,A) - (ﬂ)2(2k+2v+1)x§q’k(x,y,A)

2 o° ,
+(V2A) n(n+2k +2v)Cr, (xy.A)- 4 ' % —7C! s (xy,A)=0. (67)
Similarly, by differentiate (39) with respect to y, we get
21 2 Cr 0y A) = TRy Cr, (YA 2R (1=K )2Cl, (x yA). (68)
o oy’ a

If we replace k with k —1 in (57), we get

J_y Crea(xy.A)

_2] %o;yk (XYA)—ZA (20 +k +2v-1)C!, , (xy,A) -2 %C{Lkl(x,y,A), (69)

differentiation (69) partially with respect to y , we get

&
2 Ayycn,k—l (X’y’A)
2 o 2
=21 ch,k (X,y,A)—»JZA (Zn +k +2v)ECn]k_l(X,y,A)—2l MCn_llk_l(x,y,A). (70)

2

From (39)and (68)by substituting aiC:kl(X’y’A) and %C:kl(x,y,A)into (70) and
y ° y-

rearrangement terms yield

(4|—(ﬂy)z)(jy—ZZC;,k(x'y’A)_(\/_) (2k+2v+1)y§ycnk(xy, )
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2

O ~v
Y Coria (XY, A)=0, (71)

2
+(,/2A) k(2n+k +2v)C), (xy,A)— 4l
subtracting (71) from (67), thus the relation (63) is established.

5. Triple hypergeometric matrix forms ofC], (X,y,A): For the Gegenbauer matrix
polynomials of two variables, which is given by (20), we can easily derive the following

hypergeometric matrix for the C, (X, y,A)

[—-nl: —kl: 2v+nl +KI = —— ]
2 _ _
1 (cy,)= ke o A-NAx ANy 1] (72)
' ntkl! 4 4 2
v+l
i 2 L 1 1 1 ) ]
[ n n. 1k k | i
n+k _._EI'_EI E,_EI,_EI_‘_E,
J2A v x"y K
c:k(x,y,A)=( ) Oy’ R )
‘ nt k! Xy
i | —v—-nl-kl : — - ; |

Proof of (72). Now by taking left hand side of (20)

(1-V2Axs+st —J2Ayt+11) " =[ (1-s-t)" —s((2Ax-21)-t(\2Ay-21)-2st |

(I —s —t)’ (1-s—t)’  (1-s—t)

_ (1 s —t)zv{l—s( 2Ax—2|) t(\/ﬁy —2I) st }V

now by using (9)

52



SOME PROPERTIES RELATING TO.....

. - cee 20, (VEAx -2 ) (J2Ay 21 ) st
CcV A j+p+r
S5 ci st L5 “

j ' p | r! (l _S_t)2j+2p+2r+2v

2 (1), (VPAX=21) (VZAY =20 ) (20), 87

:ZZZZ jlplrintk!(2v)

2j+2p+2r

k min(nk) 27 (v)j+p+r( 2A x -21 )j (\jﬁy -21 )p V)mkﬂ.+p s"t*
p=0 r=0 J'p| r! ( _J r) (k p- I') ( )21+2p+2r
min(n,k) (Zv)n+k+j+p (\/_AX 2| ) (J_y 2| ) S t

22J+2p+r(2”1j jtptr(n—j-r)! (k—p—r)
2 J+p+r

n,k=0 j=0 n!k'
) (2vnk),(-n) (), (20 - 2Ax)/4)j (21 -2Ay )ra) st
22 X r(2v+1) .
2 jiptrintk!
2 j+p+r

Comparing the coefficient of s"t* from both sides of the above, we get (72).

Using (25) together with (72) , it follows that

—u-nl;=kl;2v+nl +KI ;===

:(_1)n+k(2V)n+k FO 20+ 2Ax 21+ 2Ay 1 (74)
4 4 20

=~
N

Proof of (73). Next, consider (21) again
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el (W) (2AX) T (J2AY)

= rjt(n=2r)! (k—2j)!

BM } (_n )Zr (_k )2j (V)n+k (\/ﬁx)m2r (\/ﬁy)k -

== Mjlntk! (1-v—-n-k)

Cro (x,y,A)=

we may write it as

N

Cr(xy.A)=

r+j

)2l (ora)

nt!kl T=0 j=0 rj! (1_V_n_k)r+j X"y

(VA) " (), X"y &

Which can be written in terms of Kampé de Feériet's double hypergeometric matrix function, thus
the proof of (73)is completed.

6. Double generating matrix functions and properties of C!, (x,y, A) : The generating

matrix function (l —2A x5+ —2A yt+°I )7 used to define a polynomial C?, (x,y, A) in

two variables x andy analogues to Gegenbauer matrix polynomials C!(x, A)in a single

variable xcan be expanded in powers of sand t in new ways, thus yielding additional
results. For instance

ii Cr(x,y, A)s't! :(I —2Axs+s 1 —2A yt+t?l )7V
n=0 k=0

[|—\/ﬁ/2| Jxs- (x/ﬁ/Zl)yt)z—sz((AIZI)xz—l)—tz((AIZI)yz—l)—(A/I)xystT

( MIZI xs (\/ﬁIZI)yt)2 1- SZ((A/ZI)Xz_l) .
(I —(M/ZI)XS—(@/ZI)yt)
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t*((Ar21)y?* 1) ) 7

~ (A/1)xyst
(I —(\/ﬁIZI )xs—(\/ﬁIZI )yt)2 (I —(MIZI )xs—(\/ﬁ/ZI )yt)2

cee (V) S (A2 1) 2 ((Aar2ny? 1) (A 1) xyst)
:ZZZ A ( ) ( ) 2j+2p+2r+2v )
105010 J!p!r!(l—(\/ﬁlzl)xs—(\/ﬁlzl)yt)

By applying the relation (9) and (10) , after little simplification and then equating the coefficients
s"t“, we obtain

=
S,
=
S,
2
o
<

CLxy A=Y Y o) (20),, (201 ) (a2 -1 ) ((2Ar)x ) 2 ((\/ﬁ/m)y)“p

j=0 p=0 =0 Q2P42p4r (Mj jtptrt(n-r=2j)! (k -r-2p)!

jHp+r

. (75)

Remark.6.1. Let us now employ (75) to discover new double generating matrix function for
C:’k (x, Y, A) consider the double sum

o inn ) 20k -1) ((v2ny*-1) ((2Aarnx ) ((W2A721) T
gl (A1), (a1 (a1 (R (R ) s

n=0k=0j=0 p=0 r=0 v [2v+1j jrptri(n—r-2j)!(k —r-2p)!

JH+p+r

where S1 and Aare matrices inC"*" . Using the relation (12) and (9) would yield
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Gl emen |
KR 2 j+p+r 2 2 jper X1
_(I —(\/ﬁ/ﬂ )Xs—(\/ﬁ/ﬂ )yt) ”;:0 (zvglj i (I —(ﬂ/Zl)XS—(MlZI )yt)z

P r

((Av2ny*-1)t? (A1) xyst
(I—(ﬂ/ZI)xs—(ﬂ/Zl)yt)z (l—(\/ﬁ/zl)xs—(ﬂ/zl)yt)z

X

we obtain the following double generating matrix functions
N (ﬁl )n+k Cr‘]’,k (Xi yl A) Sntk

22 ),

n=0 k=0
.
2 2 2
A F(3) ((A/ZI)XZ—I)SZ ((A/ZI)yZ—I)tZ (A/l)xyst (76)
=p p2 ) pz ) pz )
v+l
2 b 1 1l . L 7 k) |

wherepz(l—(«/ﬁ/ﬂ)xs—(«/ﬁ/m)yt)and F®[xy,z]denotes a general triple

hypergeometric series defined by [23]. In particular, if Alis matrix unity in C™™

then (76) degenerates into the generating relation used to define C;, (x,y, A).

Remark. 6.2. Let us now return to (75) and consider the double sum
=& Cro(xy, Ast

2.2

n=0 k=0 (2V)n+k
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o e g mn ((A2x2-1)' ((A2n)y?-1)" ((V2Ar2) x)"‘2j ((V2Ar2) y)k‘2p st
=22 2v+1 . .
N=0k=0 j=0 p=0 r=0 pAiati e Iptr! (n—-r-2j)! (k—r-2p)!
( 2 jj+p+rJ p ( J) ( p)

((Av2nx = 1)’ ((A2y? - 1)" ((Al21)xyst)" s?t?® ((\/ﬁ/zl) xs)n ((\/ﬁ/ZI) yt)k
j,p,r=0 22p+2p+2r (M—j J' p Ir! =0 k=0 n! kl

4 4 2

R i 1 {((A/ZI)XZ_l )sz}l {((A/ZI)XZ_l )tz}l {(A/zl)xyst }

_ o (R 2D)(xs+y () ((A/ZI)XZ | )SZ ((A/2I)y2—l )tz (A121)xyst (77
4 ’ 4 2
v+l
| 2 Hl 1 ) 1 Ll ]

Remark 6.3. It is easy to drive the following property of C- (x,y,A). Relation (20) can be
written as

S Cly (X, y,A)s"th =y, where y:(l ~J2A X s +5%1 —\2A Yt +17 )V. (78)

n=0 k=0

x—(21/<2A)s —(21/2A)t

Q, y by u s byﬂand t by vl in(20),
H H H H

after little mathematical simplification, considering that .1 = 4, we have

Now replacing x by

x—(2| /Jﬁ)s y—(2| /\/ﬁ)

t A lu—n—k—2vunvk
n0k=0 H U
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:[I ~J2A X (s +u)+(s+u)’ —\/ﬁy(t+v)+(t+v)zlr,

so that from (78) , we get

© X—(2| /\/ﬁ)s y—(2| /\/ﬁ)t PRSI iic (XY A) (s+u)" (E+v)¢

Ll )
n=0 k=0 H H n=0 k=0

nik! Cnvk(x y, Aju" " vl st
n=0 k=0 r=0 j=o0 (n_r)- (k-j)'

M+ K+ CY L (XY AutvEst]

n=0k=0r=0 j=0 r!JlnlkI

k)

equating the coefficients of u"v* form above we get

X—(2|/\/ﬁ)s y_(2|/\/ﬁ) A izw: n+r)'(k+J)|Cn+rk+](X Y, )Stj. (79)

U ’ U o rljlnik!

-n-k-2vAv
,Lt Cn,k

Remark 6.4. One can easily introduce a bilinear double generating matrix function as an
~(21 1J2A)s (21 1V2A)t
1 y 1
u 7
su tv

-2 and t by -2 in(77), with multiplying the relation (77) by ' where
)z Iz

=(| —J2A x s +5°1 —2Ayt +t2|)” and with the aid of (11)with some mathematical
simplification, we obtain

example of the equation (79), by replacing x by sby

21 e

-2v

e(ﬁj{ D i U 9 J .
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=3 3, [0,k vV G (XY A)s (80)

Where @, is one the seven confluent forms of the four Appell series defined by Humbert[24] for
convenience, we let

n:((A/(ZI))xz—I +(V2A 21 )y 1 )
g:((A/(2|))y2—| +(V2A 121 )x =7 )
z:(x (21 /\/ﬁ)s)(y (21 /\/ﬁ)t).

7. Expand the Gegenbauer matrix polynomials of two variables in series of H (x,y,A):

Let us now employ (21) and (17) with considering that each matrix commutes with itself. From
(21) ,0ne gets

o et ()70, (J2A )”’ (V2Ay )“w

X
e o g riji(n—2r)i(k —2j)!

(-0 (Mhrs, ( 2Ax)"( ZAy)ktn+k+2r+z,-
n=0k=07=0 =0 rjintk! :

) (0 W v (Y 0 G,y )
P e e rtjlk!(n—2s)is!

59



Dr. Ghazi S. Khammash, J. Al-Agsa Unv., Vol.22

by applying the relation (12),(11)and (5) respectively, after little simplification the above

relation reduce to the following form

S

(-1 ousersy (V2AY) ¢ [va(nek+r+ )1 (k)

n=0 k=0 r=0 j=0 n'kir!j! =0 (—l)S sl

X { t ] (A)n+k+r+j H n (X ’y ’A)tn+k+2r+2j )

2Ay

Thus, above relation can be rewritten as

. 1
Fol kK 1,v+(n+k+r+j)l;—| - t
n=0k=0r=0j=0 ntk!rlj! ? 0{ ( J) ( 2Ay H

X (V)n+k+r+j H, (x,y ,A)tn+k+2r+2j ,

again from (12) ,one gets

>
=
N
—
=
~

o e (1) (VoA y ) o
:§§,Z_:;,._O(n—zr)!(k—Zj)!r!j! 2F{—kI,v+(n+k+r+J)I,—,(— ZAytH

X (V)Mkirij H n (X Y 1A)t n+k ’

14

t"*“ we obtain the following expansion of C, (X, y, A) as series

now, equating the coefficient of

of two-variable Hermite matrix polynomials in the form

v [n/2][k/2] (_1)r+j(my)k—2j
Cn,k(X,y1A) =ZZ Ir!j!(n—Zr)!(k_Zj)!

r=0 j=0 =

t
2Ay

x ,Fo| kI, v+(n+k +r+j)l ;—;(—

H (Mpsery Ha (X2 ¥ A) o (81)
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